Math 22 4 NAMES YOU ASKED TO BE CALLED IN CLASS:
Quiz,&’\"ersion B
Fri Feb 10, 2012

SCORE: /30 POINTS

One of the statements below is true, and the other is false. SCORE: /6 POINTS
Prove the statement that is true, and disprove the statement that is false (ie. show that the false statement is false).

[a] For all positive integers a,b, and ¢, ifab|c, thenalcand b]c.

[b] For all positive integers a@,b, and ¢, ifa|bc, thenal|boralc.
[a] is true.

Proof: Let @,b, and ¢ be particular but arbitrarily chosen positive integers such that ab | ¢ [

________ , ¢ = abk forsome k € Z P

So, L;-—-::I—(b}';)—:r‘-fl(fz_fi where bk, ak € Z by closure of Z under x.( |
'['hcr&‘ﬁ)‘fc, by the definition of |, @ | ¢ and b | c. (
—— _— — |. )

By definition of

[b] is false.

Counterexample: ¢ =4, b=2 and ¢ =2 )
4|(2x2) since 4=(2x2)x1 < ='°

but 42. (DoNT FPoReET 10

Prove the following statement. SCORE: ___ /8 POINTS
For all positive integers ¢, if 3fc, then (¢ —3¢)mod3 =1.

NOTE: Do NOT use any properties of *mod™ unless they were proven in this class or you prove them here (NOT recommended).

Proof: Let ¢ be a particular but arbitrarily chosen positive integer such that 3¢ [ |

By definition of |, ¢ # 3¢g forany g € Z L§

By the quotient remainder theorem, ¢ =3¢ +1 or ¢ =3¢ + 2 for some q € Z F,\’ :

CASE l:c = 3g +1
¢ =3c=(3g+1)> =33 +1)=9¢> +6g+1-9g-3=9¢> -3g-2=3G3g> -g-1)+1 (1)
where 3g® =g —1€ Z by closure of Z under X and +. (; )

By definition of mod, (c3 -3c¢)mod3=1. A
CASE2:c=3g+2 NS
¢’ =3c=(3¢+2)"-3(3¢+2) =99’ +12+4-99-6=9¢" +3¢-2=3(3¢" +g-1)+1(]

where 3q: +q —1 € Z by closure of Z under x and + 1:‘

By definition of mod, (¢* —3¢)mod3 =1 C..

/77 Therefore, ¢> mod3 =1.

oy



One of the statements below is true, and the other is false. SCORE: / 8 POINTS
Prove the statement that is true, and disprove the statement that is false (ie. show that the false statement is false).
NOTE: Do NOT use any properties of “mod” unless they were proven in this class or you prove them here (NOT recommended).

[a] VneZ', nmod3=2—n’mod3’ =2’
[b] Forall integers @ and b, if amod8 =7 and bmod12=5,  then abmod4 =3.

HINT: The shortest, simplest proof for the true statement is a direct proof from definitions.

[a] is false.

y r = ¥ A
Counterexample: n =5 = y
Smod3 =2 since 5=3(1)+2 (DoN'T FoRGE]

but 5 mod3* =25mod9 = 7 since 25 =9(2)+7 ADD THesE POINY
[b] is true.

Proof: Let @ and b be particular but arbitrarily chosen integers auch that amod8 =7 and bmod12 =35 .(!
B\ definition of mod, @ =8m + 7 for some m E Z
By definition of mod, b =12n+35 forsome ne Z.
“ab=8m+T7)12n+5) =96mn + 40m + 84n + 35 4H24mn +10m +21n+8) +3 |
where 24mn +10m +21n +8 € Z by closure of Z under X and + . q
Th(,n:tnrn, by detlmnon of mod ab m0d4 3. .

Prove the following statement. SCORE: / 8 POINTS
The quotient of a non-zero rational number divided by an irrational number is irrational.

Proof by contradiction: ~ Suppose not.
l"hat 13‘] suppose there exist a non-zero rational number X and an irr atlonal numb:.r ¥

¥ B ——— ———— ——
\_"" | such that — is rational. |
| -

— —---————}4- P —————
- S . a x ¢ : 5_ "
(_|_By the definition of rational, x = — and — = — for some a, b, ¢, d € Z where b, d # () .(4
b y d S
 So, xd = c}
‘ Since x, d # 0, by zero product property, xd # 0, and bv zero product property, ¢ #0.
x 4 ad . e
y=>===%=—"" where ad, bc € Z by closure of Z under X, 7
= = e
and bc # 0 by zero product pmpcn)L o
So, b) definition of I‘dtl()l’ldl y is rational (

But V is rational and v 151rmuunal (CO’\TRADIC IO\I}(.

So, by n.omradu,tmn the quotient of a non-zero rational number divided by an irrational number is

irrational.
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