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MORE MARTIN GARDNER MATHEMATICS

30 Years of Bulgarian Solitaire
Brian Hopkins

Brian Hopkins (bhopkins @spc.edu) is an associate
professor at Saint Peter’s College, a Jesuit, liberal arts
college in Jersey City NJ. He received his Ph.D. from the
University of Washington for work in algebraic
combinatorics related to the representation theory of Lie
algebras. Current professional interests include partition
theory, Rado numbers, mathematics motivated by social
science, and teacher professional development. He also
enjoys choral singing and NYC.

“Oh, you’re a mathematician! Let me show you something interesting.”

But I’'m trying to work on my talk, I thought. As the train sped along, the man sitting
across from me looked eager. OK, let’s get this over with.

“Here are fifteen playing cards. Arrange them into piles; as many piles as you like,
each with as many cards as you like.”

I made five piles with heights 3, 1, 4, 1, 6. The 7 reference went unnoticed.

“Now take one card from each pile to make a new pile.”

The operation left me with pilesof 3 —1 =2 cards, 4 —1 =3 cards, 6 — 1 =5
cards, two empty piles from 1 — 1 = 0, and a new pile of 5 cards. I realized that the
order of the piles does not matter, so for consistency I put them in non-increasing order,
5,5,3,2.

“Now do it again and again. I know what will happen!” He looked away.

Did he already think through the iterations? How long will this go? 1 was curious
now. Here is the sequence of pile sizes:

6,4,3,1,L) - (5,532 - (“4421) — (53331
- (54222 - (6,43 1LLD0) —- (6432

Oh no, that’s almost where I started. When will this end? But then, suddenly, it did end:
6,4,3,2) — (5,4,3,2,1) — (5,4,3,2,1) again.

“Hmm,” I said.

“You ended with one pile of 5 cards, one of 4, one of 3, one of 2, and one of 1,
didn’t you?” He looked at the cards. “Yes! That’s always what happens. Try again!”

I started with a single pile of 15 cards. It took more moves, but I did indeed end
up with the 5, 4, 3, 2, 1 pattern. Then I started with three piles of 5 cards. It took even
more moves, but ended at the same fixed point.

Three examples is not a proof, but the claim was now reasonable. Why would it
always go there? How long could it take to reach this fixed point? What happens with
other numbers of cards?

“This is interesting,” I admitted.
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This puzzle was popularized by Martin Gardner in 1983 [9], with the unusual name
Bulgarian solitaire. In this article, we examine the earlier history of the puzzle includ-
ing its name, summarize subsequent research, and consider a new two-player variation.

Before Gardner

Around 1980, Konstantin Oskolkov of the Steklov Mathematical Institute in Moscow
traveled by train to give a talk in Leningrad (now Saint Petersburg). A man on the
train told him of the problem, although the details of the dialog above are fictional.
Oskolkov shared this with his colleagues at the institute; reportedly when one number
theorist heard about it “his face took a Satanic expression, he ran to his office, closed
the door and did not come out until he solved the problem.”

The puzzle reached Victor Gutenmacher, editor of the journal Kvant. The problem
appeared there in 1980, in the context of stacks of books. Andrei Toom, a research sci-
entist at Moscow State University, published a solution in 1981 [19]. The material was
also included in a 1981 book on mathematics olympiads [20] whose authors include
Gutenmacher and Toom.

Later in 1980, Anatolii Alexeevich Karatsuba traveled from Steklov to the Institute
of Mathematics of the Bulgarian Academy of Sciences in Sofia. After a lecture on
approximation theory, he shared Oskolkov’s story and the puzzle. Again, it captured
the attention of many mathematicians, and Milko Petkov published it in the “compe-
tition problems” section of a high school mathematics journal in 1980, in the context
of heaps of balls. No student solved the puzzle, so the solution of Petkov’s institute
colleague Borislav Bojanov was published in 1981 [4].

Gert Almkvist of Lund University was visiting Sofia while Karatsuba was there.
When Almkvist returned to Sweden, he shared the puzzle with colleagues, including
Henrik Eriksson of the KTH Royal Institute of Technology, who published a solution
also in 1981 [7] with the name “Bulgarisk patiens,” in the context of piles of cards.

Jgrgen Brandt, finishing his masters at Aarhus University, somehow learned of the
puzzle as well (without the name). “The problem appeared so pure, that I did not think
much about where it came from,” he explained recently. His thorough solution, in the
setting of integer partitions, was submitted to Proceedings of the American Mathemat-
ical Society in 1981 and published in 1982 [5].

Meanwhile, Eriksson traveled from Stockholm to California, where he called the
puzzle Bulgarian solitaire. He recently explained, “The silly name is my invention,
silly because it is neither Bulgarian nor a solitaire.” Donald Knuth started a fall 1982
programming and problem-solving seminar with Bulgarian solitaire [12]. Ron Graham
passed it on to Gardner, who used Bulgarian solitaire as the culminating example of
“tasks you cannot help finishing no matter how hard you try to block finishing them”
[9]. The silly name has stuck.

Gardner and beyond

A partition of n is a collection of positive integers A = (A, ..., A;) whose sum is n; as
the order does not matter, we index the parts in non-increasing order, i.e., A; > A, >

- > ),. Bulgarian solitaire can be considered as an operation on partitions, B(A) =
(t,,y — 1,..., X, — 1) where there may be zeros to remove and the parts may need to
be reordered. This can also be visualized through a graphic representation of partitions.
The Ferrers diagram of a partition has a column of A; dots followed by a column of A,
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dots, etc. Figure 1 shows the Bulgarian solitaire operation on (6, 4, 3, 1, 1), choosing
to remove the bottom dot of each column, that is, the bottom row.
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Figure 1. Example of the Bulgarian solitaire operation.

The number of partitions of n grows very quickly as n increases, but it is helpful to
look at the effect of B on all partitions of n for small n. Figure 2 shows all partitions
of 6 under the operation.

211 —= 411 — 33 —» 23 — 313 — 42 — 321 Y

T

1 — 6 —> 51 =-— 21¢

Figure 2. Bulgarian solitaire on all partitions of 6; exponents denote repetition.

Like the 15 card puzzle of the introduction, Bulgarian solitaire on partitions of 6
leads to a fixed point, the partition 73 = (3, 2, 1). Both 6 and 15 are triangular numbers,
i.e., can be writtenas 7, = 1 + - - - + k = k(k + 1)/2. The effect of Bulgarian solitaire
can be very different on other values of n.

Exercise. Work out Bulgarian solitaire on the 22 partitions of 8. (For the solution,
see [13, Figure 4].)

The three 1981 solutions in European journals [4, 7, 19] use very similar ideas to
show that, for n = T, there is indeed just the single fixed point 7, = (k,
k—1,...,2,1). Each author argues that a ball / book / card cannot move to a longer
diagonal in the configuration, and will eventually move into the shortest diagonal pos-
sible, filling any gaps and leaving a triangular shape. Brandt [5] and Toom [19] showed
that for other values of n, the “almost triangular” partitions form cycles. For example,
the partitions (4, 2, 2) and (3, 3, 1, 1) form a 2-cycle in one connected component of
the partitions of 8 from the exercise; see Figure 3. From this characterization, Brandt
used Pélya enumeration theory to determine the number of connected components.
For instance, the partitions are in a single component exactly when » is within one of a
triangular number. See also [11], which revisits and generalizes Toom’s solution, and
[1], which elaborates on Brandt’s work.

The partitions of Figure 3 illustrate another relationship. Reading the row lengths
of (4,2, 2) rather than the column heights gives (3, 3, 1, 1). Considered another way,
reflecting the Ferrers diagram for (3, 3, 1, 1) across the diagonal line y = x gives
(4,2, 2). These partitions are said to be conjugates.

Gardner’s article [9] focuses on the fixed point result for triangular numbers, with
a discussion of using 45 cards, and the analog of Figure 2 for partitions of 10. He
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Figure 3. A two-cycle among the partitions of 8.

mentions two other conjectures, which were both proven within a few years. First, for
n = Ty, data suggest that the greatest possible distance to the fixed point is linear in
n, specifically k(k — 1). Igusa [15] shows that the partition y, = (k — 1,k — 1,k — 2,
k—3,...,3,2,1,1) is at distance k(k — 1) from 7, and that this distance is maxi-
mal; see also [3] and [8]. Second, look carefully at the sequence of partitions from
s =(2,2,1,1) to i3 = (3,2, 1) in Figure 2: until the fixed point, the sequence con-
sists of nested conjugate pairs, shown in Figure 4. Bentz [3] proves that this occurs
along the “main trunk” of the diagram for all n = T, which distinguishes y; among
the partitions at maximal length from the fixed point (for k > 4, there are several par-
titions at that distance). See also [2].

2211 — 411 — 33 —» 23 — 313 — 42 — 21 9
I — |

Figure 4. Conjugate pairs on the “main trunk” of Figure 2

Gardner also mentioned “Eden” partitions that have no predecessor under the opera-
tion,suchas y, = (2,2,1,1),(2,1,1,1,1),and (1, 1, 1, 1, 1, 1) in Figure 2. Recently,
Hopkins and Sellers [14] determined a formula for the number of these partitions for
general n that resembles a recurrence result of Euler.

There remain many open questions about Bulgarian solitaire, several of which are
surveyed in Hopkins and Jones [13]. Griggs and Ho [10] conjectured maximal lengths
to a cycle partition for n # T,. How many partitions are at given length from a cycle
partition or fixed point? What is the relation between B and conjugation outside the
“main trunk”? When there are multiple components, is there an easy way to tell if
two partitions are in the same component? What can be said about component sizes?
There are many questions about asymptotic and random behavior; some are addressed
by Popov [18].

Bulgarian solitaire continues to arise in the teaching literature, such as Nicholson
[16] and Dorée [6]. The operation has been rediscovered at least once, see [17]. Several
variants have been considered in the literature, but there is not space here to discuss
them.

A new game

Figure 1 shows the effect of changing the bottom row of the Ferrers diagram of
(6,4,3,1,1) to a column. Suppose you could change any row to a column. Figure
5 shows the effect of changing the length 2 row to a column. Under this operation,
(6,4, 3,1, 1) could be followed by one of three partitions: (5, 5, 3, 2) by selecting the
bottom row, (5, 3, 3, 2, 1, 1) selecting the length 2 or a length 3 row, or (5,4,3,1,1, 1)
selecting a length 1 row.
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Figure 5. Changing the length 2 row of (6, 4, 3, 1, 1) to a column gives (5, 3, 3,2, 1, 1).

For a 2-player game, we start with the single-part partition (). In turn, each player
chooses a single row to change into a column. The loser is the first player who creates
a partition that has occurred before in play.

The first player can only chose a row of length 1, giving the partition (n — 1, 1). The
second player then can choose a row of length 1 or 2, making the partition (n — 2, 1, 1)
or (n — 2,2), respectively (for sufficiently large n). All possible moves for partitions
of 6 are shown in Figure 6.

> 10— 6 —> 5] -

S
XL
AL

Figure 6. All possible moves in the two-player game on partitions of 6. Double arrows indi-
cate where selecting either of two different row lengths produces the same partition.

Here are some open questions about this game.

* As a finite impartial two-player game of perfect information with no draws, either
the first or second player has a winning strategy. Which player? What is the strategy?
Do the answers depend on n?

* Notice that there is a Hamiltonian cycle in the directed graph of Figure 6. That is,
there is a sequence of play where every partition arises before there is repetition. |
conjecture that this occurs for all n. If so, is there a nice way to describe the corre-
sponding sequence of moves?

Conclusion

A mathematical recreation that reportedly arose from a conversation in a train has
gone on to inspire several lines of research and student activities. This is due largely to
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Martin Gardner’s attention to it in his mathematics column from Scientific American.
Bulgarian solitaire is just one example of the impact his work has had on all of us who
enjoy mathematics.

Acknowledgment. The history of Bulgarian solitaire comes from personal communication
with Borislav Bojanov, Jgrgen Brandt, Vesselin Drensky, Victor Gutenmacher, Pencho Petru-
shev, Andrei Toom, and especially Henrik Eriksson. Recollections of events thirty years ago
can be imperfect; hopefully the account provided here approaches what occurred. Aleksandar
Nikolov kindly provided translations from Bulgarian. Suggestions from two anonymous refer-
ees improved the article. I would like to thank Eriksson, Suzanne Dorée, and Mizan Khan for
their interest and help.

Summary. Bulgarian solitaire is a puzzle popularized by Martin Gardner that can be consid-
ered an operation on integer partitions. We explore its history in Russia, Bulgaria, Sweden, and
the United States before revisiting Gardner’s treatment and considering subsequent research.
The article concludes by introducing a related combinatorial game.
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