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A Perfectly Odd Encounter 
in a Reno Cafe 

y father and I were sitting in a 
cafe in Reno. I was giving him 
some examples from number 

theol?., including a problem that has 
been unsolved since the days of ancient 
Greece. Unintimidated, my father came 
up with a solution in about a minute 
flat. The reasoning behind his solution, 
and my skeptical reaction, reveal some- 
thing about a central concern of 
mathematics: the nature of proof. 

We were killing time while others 
in our party were playing the slot ma- 
chines. Ted, that'smyfather, had been 
talking about the mathematics in a 
book he was reading, Michener's The 
Source. In fact, it wasn't really math- 
ematics at all. It was numerology, the 
mystical interpretation of numerical 
relationships for purposes of divina- 
tion. It occurred to me that number 
theory is the closest thing in real math- 
ematics to the numerology Ted had 
been talking about, and I tried to 
describe the subject. 

As an example, I told him about 
perfect numbers. The number 6 is 
perfect, because if you add up its 
proper divisors, 1,2, and 3, the total is 
6. Another example is 28: the proper 
divisors are 1,2,4,7, and 14, and these 
sum to 28. Are there any others? Can 
you find some? 

It has been known for over 200 years 
how to find all the even perfect num- 
bers. There is a formula: 2"' (2" - 1 ) . For 
n=2thisgives2'(2'-1) = 2 . 3 = 6 . F o r n  
=3we get2'(2" 1) = 4 . 7  =28. The next 
possibility, n = 4, yields 120, and that 

DAN KALMAN is an assistant professor of 
mathematics at  T h e  American University. 

isn't a perfect number because 60,40, 
and 30 are all divisors. The trouble is 
that for n = 4, (2" - 1) isn't a prime 
number. Euclid showed thatwhen (2"- 
1) is prime, the formula 2"'(2"-1) al- 
ways produces a perfect number. Thus, 
for n = 5, 2"- 1 = 31 is prime, so we can 
be sure that 2"'(2"- 1) = 496 is perfect. 
Some two thousand years later, Euler 

Number theory. . . is 
bursting with curious 

relationships that 
aren't particularly 
good for anything, 

but which have 
fascinated. . . 

mathematicians for 
cen tum'es. 

proved that Euclid's formula actually 
generates all the even perfect numbers. 
So today we know the complete story 
on even perfect numbers. 

So what? Who cares? What possible 
use could there be in knowing about 
perfect numbers? Well, number theory 
is like that. It is bursting with curious 
relationships that aren't particularly 
good for anything, butwhich have fasci- 
nated amateur and professional math- 

ematicians for centuries. The number 
theorist and the numerologist share 
this fascination with numbers, but the 
number theorist doesn't try to draw 
mystical conclusions from the number 
patterns. The object is simply to under- 
stand the mysteries and to back up each 
insight with proof. 

Of course, it isn't always easy to find 
proof. That is why number theory 
aboundswith conjectures: thatis,state- 
ments fitting all the known data, and 
seeming to be valid general laws, but 
for which no proof has been found. 
Number theorists do not despair of 
ever finding proofs for these conjec- 
tures. Why, Fermat's last theorem was 
recently proved after standing as a 
conjecture for 350years. Fermatwrote 
in the 1640's that x" + y" = z* could 
never hold for positive integers x,y, z, 
and n, with n > 2. That is, when work- 
ing with positive integers, the sum of 
two cubes is never a cube, the sum of 
two fourth powers is never a fourth 
power, and so on for all powers greater 
than 2. From Fermat's day until our 
own, no proof could be found for his 
statement. But in 1993, Andrew Wiles 
announced that he had discovered 
such a proof, and today it is generally 
accepted that Fermat's theorem has 

been established. So, number theorists 
continue to hold out for proofs. No 
matter how overwhelming the evidence, 
no matter how clear the insight, true 
understanding is not conceded until 
there is proof. 

That is exactly the situation with odd 
perfect numbers. Since Euclid's time, 
no one has ever been able to find an 
odd perfect number, even though the 
numbers checked by computer reach 
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into the millions and beyond. It seems 
like an inescapable conclusion that odd 
numbers simply cannot be perfect and 
perfect numberssimply cannot be odd. 
But no one has been able to prove it. 

So there I was, explaining to Ted 
about number theory, how it is like 
numerology, and how it is unlike. To 
illustrate the ideas of conjecture and 
proof, I told him about perfect num- 
bers commenting that one of the oldest 
open questions in number theory is 
whether there are any odd perfect num- 
bers. I told him, as I have told you, that 
the even case is completely solved. I 
described the state of affairs for the odd 
case: no  one can find an odd perfect 
number, yet no one can prove that 
none exist. 

Then, to my astonishment, Ted an- 
nounced that it was completely obvious 
that an odd perfect number is an im- 
possibility. He explained his reasoning 
this way: An even number is divisible by 
2, and when you divide it by 2, you get 
one of its divisors. In fact, you get its 

largest possible proper divisor, half of 
the original number. For an even per- 
fect number, adding up the remaining 
divisors produces the other half of the 
original number. But if the original 
number ( n )  is odd, the smallest factor 
(other than 1) isat least 3, so the largest 
proper factor is at most n/3. In that 
case, in order for n to be perfect, the 
other divisors-all of which are even 
less than n/3-have to add up  to 2/3 of 
12, and that is impossible. 

Is that a proof? Was the famous p r o b  
lem of odd perfect numbers solved in a 
Reno cafe? I was instantly skeptical. 
Surely this argument could have oc- 
curred to Gauss, or Euler, or even me. 
But even more compelling, just from its 
inherent structure, I instantly realized 
that Ted's argument was not a proof. 
Can you see why? 

One of the foremost skills of the 
trained mathematician is to recognize 
what is a proof, and what is not. Yet it is 
not always easy to clearly explain what 
constitutes a proof. My father's argu- 

ment is logical, it is insightful, it seems 
to explain things. And yet there is a 
huge hole, a gap in the reasoning. Why 
is it impossible for there to be enough 
small factors to total 2/3 of the original 
number? Ted could give no further 
explanation. 

On the surface, the nature of proof 
seems clear cut. There must be alogical 
reason for each conclusion. If any of 
the conclusions is questioned, the 
prover must be able to provide reason- 
ing thatjustifies it. This additional rea- 
soning, in turn, is open to challenge, 
and must likewise be defended. And so 
on, and so forth, the prover must be 
prepared to provide a justification for 
each conclusion thatis questioned. But 
this process cannot be taken infinitely 
far. At some point, won't the prover be 
reduced to the same' position as my 
father? At some point, a step will be 
reached that is so self evident that no 
further explanation can be advanced. 
The prover can only insist that the skep- 
tic must surely agree with the conclu- 
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sion, just as my father insisted that no 
further argument was needed for his 
proof. His conclusion was transparently 
self evident! Itwas obvious! This iswhere 
deciding what is a proof gets tricky. It 
comes down to recognizing what is ob- 
vious, and what isn't. 

Well, ho~v d o ~ s  one recognize the 
obvious? It reminds me of what the 
Supreme Court justice said about por- 
nography. I may not know how to de- 
fine it, but I knon it  when I see it. Ted's 
final assertion was definitely not obvi- 
ous. His inability to explain further in- 
validated the proposed proof. By train- 
ing and long habit of thinking, my eye 
is instinctively drawn to potential gaps 
or holes in arguments. I constantly 
probe the fabric of a proof. Is there a 
weakness here? Can I argue a point 
further there? It is my years of practice 
that qualify me tojudge what is obvious. 
All mathematics students need to work 
at this same kind of skepticism. Be wary 
of the obvious, distrust it, be as obtuse 
as you possibly can. If it is overly obvi- 
ous, one ought to be able to explain 
why. Dig deeper, push harder, however 
brightly lit the corner, shine an even 
brighter light there, until the shadows 
are driven out utterly. Make this your 
standard practice. Only then will you be 
qualifed to say what is obvious. 

Of course, there is little satisfaction 
in simply denying what someone else 
claims is obvious-far better to demon- 
strate that the desired conclusion need 
not follow. In the case of Ted's argu- 
ment, this can be accomplished by con- 
sidering the example of 945. That is an 
odd numberwhose proper divisorssum 
to 975. Although the largest divisor is 
945/3 = 315, and all of the other di1-i- 
sors are even smaller, there are enough 
of these small divisors to add up to more 
than 2/3 of the original number. This is 
just what myfather'sargument claimed 
was impossible. This example highlights 
the flaw in his reasoning. And since it is 
possible for the proper divisors of an 
odd number to have a sum that exceeds 
the number, it might also be possible 
for an odd number to be perfect. 

At this point, you are probably ask- 
ing where the 94.5 came from. How did 
I find this example? I went looking for 
it. I noticed that Ted's argument, if 

valid, would not only rule out the possi- 
bility of odd perfect numbers, butwould 
also rule out the existence of an odd 
number which is exceeded by the sum of 
the proper divisors. Also, I knew a use- 
ful fact from number theory: Given the 
prime factorization m= pp' pe? . . . p:!" , 

1 2  
the sum of all the divisors, including m 
itself is equal to 

Illttslrntion In. dlcl17) Torti m o j  I ( ( ,  I f i ~ c  rc Graphics 

It is easy to see that this is true. 
Simply observe that when the product 
is multiplied out, the terms are all the 
divisors of m,. Things can be simplified a 
little by applying the formula 

This gives the sum of the divisors as 

Using this last expression, and a hand 
held calculator, it is nearly effortless to 
compute the sum of the divisors for any 
number. For example, if 

then the sum of the divisors is (242/ 
2 )  ( 1 2 4 / 4 )  ( 1 6 8 / 1 2 ) =  121.31.14. 
That's a pretty nifty way to total up the 
divisors of 26325! 

Remember the goal is to find an odd 
number m which is smaller than the 
sum of its properdivisors, that is, all the 
divisors other than mitself. Put another 
way, we need the sum of all the divisors 
of m to exceed 2m. Well, experiment a 
bit. Remember to use odd numbers, 
and consider some m 'swith two or three 
different prime factors, some with ex- 
ponents greater than 1. It does not take 
long to stumble on the example 

And what happened to my father? 
Did he change his mind about odd 
perfect numbers? I am sorry to report 
that he did not. By the time I found my 
example, a day or two had gone by and 
he had moved on to other things. I 
don't think he recalled what the main 
thread of his argument had been, or 
indeed, what the entire dispute was 
about. Reno, after all, has many other 
diversions, and one's relatives can only 
be expected to sit still for so much 
mathematics. But I hope this article has 
contributed to your own understand- 
ing of proofs. And the next time some- 
thing appears obvious, think of my fa- 
ther and the cafe in Reno where, from 
his point of view, the non-existence of 
odd perfect numbers was proved. H 

I am grateful to William Dunham of 
Muhlenberg College for su~esting many 

improvements to this paper. 
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In Prime Territory 
A Math Question Posed by 
Michael Jordan 

id you know that Chicago Bulls 
player Michael Jordan used to be 
a math major at the University of 

North Carolina before switching over 
to geography? We're probably better 
off not discussing the moral of lhat 
story. In any case, during the 1994-95 
basketball season, MJ renewed his 
interest in mathematics when he  
changed his new team number (45) 
back to his old and formerly retired 
team number (23). He posed the 
following question: 'M'llat's in anumber, 
anyway?' MJ was quite likely wondering 
about prime number.$. 

What is a prime number anyway? 
Let's review. First, n TU/ZOL'P number, or 
counting number, is a number such as 
1,2,3,4,5,6,7 ,... and so on, forever. A 
@me number (orjustpii,mfor short) is a 
whole number that is divisible only by 1 

I < 

- - 

--- p- -- -- 

ELLEN GETHNER 

I 

I 

I 

. . 
and  itself. For example 
2,3,5,7,11,13,17,19 and 23 are pri ies ,  
b u t 4 = 2  x 2 , 6 = 3  x 2 , a n d 4 5 =  5 x 

What Euclid Knew About Primes 
3 X 3 are not primes. In fact, numbers 
that are not primes are called comnf~osites. 

For later use, let's expand the set of 
whole numbers by including 0 and the 
negatives of the whole numbers, like, 0, 
-1, -2, -3, -4, -5, -6, -7 ,..., and so on. 
This new expanded set is known as the 
integers. 

Before moving on to further techni- 
calities, it might be interesting to take a 
historical perspective on the primenum- 
bers. In particular, Euclid was a great 
mathematician who lived in Alexandria 
during the 3rd Century, B.C. and who 
wrote a thirteen-volume work called 
Elements. The purpose ofElements was to 
compile all of the known geometry of 
the time into one comprehensive work. 

In volume IX Euclid asked if there 
were infinitely many primes. To the 

ELLEN GETHNER is a postdoctoral fellow at uninitiated, the answer seems to be a the Mathematical Sciences Research Insti- 
tute in Berkeley, California. She spends her straighrfoward and 'yes,' 
time doing theoqr, bicyiling, hik- simply because there are infinitely many 
ing, and swimming in Gaussian moats. whole numbers. But, mathematicians 

need a more convincing (and for that 
matter correct!) argument, as we shall 
see. 

Euclid did, in fact, prove that there 
are infinitely many primes and here's 
the idea behind his argument. First 
assume there are only a finite number 
of primes in the world. For example, 
suppose 2 and 3 are the only primes, 
and the rest of the whole numbers are 
composite (humor me). Now think 
about the number 

Well, 7 isn't supposed to be prime 
(remember, 2 and 3 are the on4 primes 
for the time being), which means that 7 
must be divisible by smaller primes. 
Well, our only choices are 2 and 3. But 
dividing 7 by either 2 or 3 leaves a 
remainder of 1, which means that 7 is 
neither divisible by 2 nor by 3. What 
does this mean? Our assumption was 
incorrect, and therefore, 2 and 3 can- 
not be the only primes in the world. 

The above paragraph was only a 
warm-up to Euclid's real argument. 
Here is Euclid's more general argu- 
ment to prove that there are infinitely 
many primes. For a contradiction, as- 
sume that there are only finitely many 
primes. Here they are: 2, 3, 5, 7 ,..., p, 
where p is the largest prime (in the 
warm-up argument, p = 3). Now multi- 
ply all of the existing primes together 
and add 1 to the result: 

The above gigantic number cannot 
be a prime (remember, p is the largest 
prime) and therefore must be divisible 
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by one or some of our primes, namely 
2,3,5,7 ,..., p. But dividing the gigantic 
number by any of these primes leaves a 
remainder of 1. This is the contradic- 
tion that Euclid was seeking, namely 
that the gigantic number is neither 
prime itself nor is it divisible by any of 
the finitely many primes in the world. 
So, our assumption was wrong. In par- 
ticular, there must be infinitely many 
primes. 

Take A Hike! 

Nolz. thatwe'vegotallof theseprimes, 
what should we do with them? Try the 
following game. Stand on the number 0 
and start walking. The only rule to this 
game is, as you take each step, you are 
only allowed to step on the primes. A 
curious question: If you keep walking 
forever, will you, every once in a while, 
have to take longer and longer steps? 
Or, might you be able to keep walking 
and taking only 'small' steps. This is 
how the experts ask the above question: 
Can you walk to infinity on the primes 
in steps of bounded length? The answer 
is 'no,' and here's why. 

In order to show that a prime-hiker 
will eventually have to take longer and 
longer steps, it suffices to show that we 
can find an arbitrary number of com- 
posites in a row. For example, ifwe were 
to find 4 composites in a row, a prime- 

,,.*. ( - A -  p . .Y 

Euclid 

hiker would be forced to take a step of 
length 5. More abstractly, if we were to 
find n composites in a row, then the 
prime-hiker would be forced to take a 
step of length n + 1. But let's start out 
slowly and aim for finding 4 composites 
in a row. Voili-here they are: 

r 

alking on the Primes 

0 1 2 3 4  

I I I I I I I I 
24 25 26 27 28 29 30 31 

The first number, 122, is divisible by 
2, the second number by 3, the third by 
4, and the fourth by 5, and hence the 
prime-hiker will be forced to take a step 
of length (at least) 5. 

Now let's be more ambitious. Let's 
find 99 composites in a row to force the 
poor hiker to take a step of length (at 
least) 100. But first we need help with 
the notation because we'll have to mul- 
tiply lots of numbers together. In par- 
ticular, the number 

is more easily written as 100! and is 
pronounced 'one hundred factorial.' If 
you are unfamiliar with this notation, 
you might at first think that loo! means 
that 100 is a very exciting number, but 
remember, one hundred factorial 
means 'multiply all the whole numbers 
less than or equal to 100 together.' Now 
we're ready. Here are 99 composites in 
a row: 

loo! + 2, 
loo! + 3, 
loo! + 4, 

... 

Got it? The first number, loo! + 2 is 
divisible by 2, the second number 

A Large Gap in the Primes 

I'm stuck. 
No prime numbers 

I I ... I n!kn 

nlurtrations by ~Marissn Moss 
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loo! + 3 is divisible by 3, and so on up to 
the last number loo! + 100 which is 
divisible by 100. In all there are 99 
composites in a row, which forces the 
prime-hiker to take a step of length (at 
least) 100. By now perhaps yo11 see the 
way thegeneral construction works. Spe- 
cifically, for any n, you can force the 
prime-hiker to take a step of length (at 
least) n by producing the fol lo~~ing n- 
1 composites in a row (n! means multi- 
ply all whole numbers less than or equal 
to n together) : 

All in all we've learned that 
one cannot walk to infinity on 
primes in steps of bounded 
length. 

C.F. Gauss Visits the Planet 
Vulcan 

Carl Friedrich Gauss was a 
famous 18th century German 
mathematician whose interests 
were very diverse. 

In fact, mathematics on the 
planet Earth was not enough 
to keep Gauss interested 
(ahem, the author begs par- 
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don), and so hevisited the planetvulcan 
to learn how the inhabitants count. As 
in any respectable math paper, we need 
a good example. How about Mr. Spock 
of Star Trek fame? 

A bit of background is in order here. 
Spock was born on the planetvulcan in 
the year 2230. His father, Sarek, was a 
Vulcan diplomat, and his mother, 
Amanda Grayson was a human scien- 
tist. So, just how does Spock count? 
Think about it. When you were a kid 
and were first learning how to count, 
what did you do? You held up your 
hand and pointed to your fingers. Even- 
tually, you could very smugly count in 
your head. 

WhatdoesSpock dowhen he counts? 
When Spock was a kid, he held his hand 
up and, well, you knowwhat thatlooked 
like. 

Apparently, Spock counts in pairs of 
numbers, in particular, in pairs of 
integers. 

About the Gaussian Integers (or 
Spock's Numbers) 

Spock's numbers, known as Gaussian 
integers to mathematicians, are pairs of 
integers like (7, 12), (-2,6), (13,4), 
(-206,10027), and so on, forever. The 
picture of all Gaussian integers is too 
large to fit on this page (there are infi- 
nitely many Gaussian integers!), but a 

small portion of the picture is shown in 
figure 2 and is a grid made up of many 
small squares. 

Another way of describing the 
Gaussian integers (and this iswhat Gauss 
himself did) is to write, for example, 
(2,3) as 2 t 3i and (1,4) as 1 + 4i, where 
.2 z = -1. Then multiplying Gaussian inte- 
gers is just as you think it should be. 
That is (2,3) x (1,4) is 

(2+3 i )  x (1+4 i )  =2+8i+3i+12i2= 
-10 + l l i  

- - + - - + - - - a  - e  .---*-- +- -  - 
(-3,2) ( - 2 3  ( - 1 2  0 2 )  (1,2) (292) (3,2) 

- - * - * -  - - . - - * -  - *- - -+ - * - - 

'-3.1' ( - 2 1  (1'1) + )  (1,l) (2,l) (391) 

+ f  * * . * - -  
(-3'0) (-2.0) - 0  (0-0) (1.0) (2.0) (3,O) 

'-3.-1' (&',-I) (-&-I) @.-I) (1,-1) (2,-1) 

- * - - * - - * - - * - - + - - -  
( 3 , )  - 2 -  ( )  - 2  ( 1 , )  2 -  (3,.2) 

Spock's Numbers 
(also known as Gaussian Integers) 

Figure 2 

(or (-10,ll)). The general method for 
multiplying two Gaussian 
integers, say (a,b) and (c,d) , 
is the same as above: 

( a +  bi) x (c+ di 
= ac + adi + bci + bdzz 
= (ac-bd) + (ad+bc)i 

(or(ac- bd, ad + bc)). Once 
we have this method, it 
makes sense to talk about 
Gaussian fmmes. That is, a 
Gaussian integer is a 
Gaussian prime exactly 
when it can't be written as a 
product  of 'smaller' 
Gaussian integers, where 
'smaller' means closer to 
the origin, (0,O). This 
amounts to the condition 
that (a,b) is smaller than 
(c,dj if a2 + b2 < c2 t 2. The 



Some Gaussian Primes Gaussian 2-moat Gaussian 3-moat 

Gaussian integers that appear in bold- ticsintheaudience,whathappenswhen steps? Now that you're an expert, you 
face in figure 2 are actually Gaussian youcompute (2,-1) x (2,1)?) Asusual, would ask: Can you walk to infinity on 
primes. a picture is worth 10,000 words, and the the Gaussian primes in stepsofbounded 

graphic above and on the left shows all length? The answer? Nobody 
A Quick Trick Gaussian primes within a distance knows.. . (dramatic pause). ..yet. 

from the origin, (0,O) 
There is a nice trick for determining A GIANT Homework Problem 

spectively (0,b)) is a Gaussian 
prime precisely . . when la1 (re- 

- 
exactlywhen aGaussian integer is prime. Take Another Hike! 
Suppose someone hands you the The Gaussian prime walking problem 
Gaussian integer (5,2) and wants to Now that we've got all of these was posed in 1962 by the mathematician 
knowifthisnumberisaGaussian rime. Gaussian primes, what should we do Basil Gordon from UCLA. It remains r What to do? You first compute 5 + 2' = with them?Takeanotherhike,ofcourse. unsolved to this day. The truth is, the 
25 + 4 = 29, and check to see if the result We'll try the prime-hiking game on the answer isn't in the backofany textbook, 
is a (regular) prime. In this case, 29 is Gaussian primes this time. Here goes: and isn't outlined in any paper. Itjust 
prime, so you're in luck: (5,2) is a Stand on the number (0,O) and start isn'tknown! (Theauthorhappilyadmits 
Gaussian prime. This trick works on all walking. Remember, you can only step to having spent more than 1.5 years 
Gaussian integers (a, b) as long looking for the elusive 

u 

keep out intruders. In our 
case the center of the castle 

as neither one of a nor b is 
zero. That is, given a Gaussian 
integer (a, b) , compute a* + b2. 
The result is a (regular) prime 
precisely when (a,b) is a 
Gaussian prime. 

To finish off this trick, we 
need to know what to do for 
the Gaussian integers (a, 0) 
or (0,b) (remember, the trick 
only works, so far, for (a,b) 
when neither a nor b is 0.) 
The answer is that (a,O) (re- 

s ~ e c t i v e l ~  I b I  ) is a a s h l l  on the Gaussian @mes,, . nndjnding a jLmoat I is at the and the 
prime which is exactly 3 is a sauig.g.1~ band (of 

1 "" , 
greater than a number divisible by 4. on Gaussian primes. The question is, if nonconstant width) completely made 

6 

For example, (1 1,0), (-1 1, O), (0 , l l )  , you keep walking forever, will you, ev- up of Gaussian composites. Here is an 
and (0, -1 1) are all Gaussian primes, ery once in a while, have to take longer idea for solving the Gaussian prime 
whereas (-5,O) , (5,0), (0,5), and (0,-5) and longer steps? Or might you be able walking problem. Ifwe can keep finding 
are Gaussian composites. (For the skep- to keep walking and taking only 'small' 'fatter and fatter' Gaussian moats 

solution, and expects to 
spend a great deal more time 
doing so.) This problem is a 
research problem, and isjust 
one of a plethora of such 
unsolved or open problems. 

66Moativation" 

The usual image that 
comes to mind when one 
thinks of a moat is a body of 
water surrounding. a castle to 
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Brian Wick, us- 
ing Mathematica, 
produced a con- 
densed picture of a 
418-moat. His 
method was to look 
at 25 x 25 blocks of 
Gaussian integers 
and reduce each 
down to a single 
point. 

surrounding the origin, then the prime- 
hiker will have to keep taking longer 
and longer steps. But, as usual, pictures 
are worth multitudes ofwords thanks to 
Stan Wagon (Macalester College) and 
Brian Wick (University of Alaska, 
Anchorage). 

Stan Wagon, using Mathematicn, pro- 
grammed the Gaussian 2-moat shown 
on page 11, by observing the following 
rules: connect two Gaussian primeswith 
a black line if a) they are at most dis- 
tance 2 apart, and b) either prime can 
be reached from the origin in steps of 
length at most2. Connect two Gaussian 
primeswith a green line if a) they are at 
most distance 2 apart, and b) neither 
prime can be reached from the origin 
in steps of length at most 2. 

So, for example, the unfortunate 
prime-walker who thought she or he 
could walk to infinity in steps of length 

at most 2 would start following the black 
paths and then get stuck at the moat of 
Gaussian composites that lies between 
the black lines and the green lines. 

Stan Wagon used the same technique 
to generate a Gaussian 3-moat. 

Perhaps Spock, a very clever fellow, 
thought he could walk to infinity in 
steps of length at most 3. He started 
walking along the network of black 
paths, and discovered that all of these 
paths were dead-ends. In other words, 
he ran into a Gaussian 3-moat. To get 
from the region with black lines to the 
region with green lines, Spock would 
have to take a step of length strictly 
greater than 3. 

The existence and location of both 
the Bmoat and 3-moat were known to 
the two mathematicia11sJ.H. Jordan (no 
relation to Michael) and J.R. Rabung in 
1970, and in fact, they were able even to 

find a f i - m o a t .  Unfortunately, they 
ran out of money, and were unable to 
continue their search. 

Brian Wick, using Mntlzmnticn, pro- 
duced a condensed picture of a 6- 
moat. His methodwas to lookat 25 x 25 
blocks of Gaussian integers and reduce 
each down to a single point. If a block 
containsone (or more) Gaussian primes 
which is (are) reachable from the ori- 

gin in steps oflength at most Ji8 then 
the corresponding point is colored 
white. Othenvise, it is colored black. 
The change from mostly white to all 
black dramatically outlines the fi- 
moat. The radius of a circle containing 
the uncondensed moat is approximately 
10,000. 

Finally, using Mathematica, E. 
Gethner, S. Wagon, and B. Wick have a 
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computational proof that a moat of 

width J26 must exist. 

Final Stretch 

Lewis Carroll, who is best known for 
having written Alice in Wonderland, was 
also a mathematician. Perhaps he was 
thinking about walking on prime num- 
bers when he wrote: 

"Would you tell me, please, which 
way I ought to walk from here?" 

'That depends a good deal on where 
you want to get to, " said the Cat. 

"I don't much care where," said 
Alice. 

"Then it doesn't matter which way 
you walk," said the Cat. 

"-so long as I get somewho-e," Alice 
added as an explanation. 

"Oh, you're sure to do that," said the 

Cat, "if you only walk long enough!" 
Now you know about some of the 

interesting progress that has been made 
on the Gaussian prime walking prob- 
lem, but, really, the journey has just 
begun. 

1. L. Carroll, AIicein Wondmland Grosset 
and Dunlap, 1988. 
2. Euclides, The Elements of Euclid, E.P. 
Dutton, New York, 1933. 
3. E. Gethner, S. Wagon, and B. Wick, 
"A str-011 through the Gnz~ssian @imes, " 
forthcoming. 
4. J.H. Jordan and J.R. Rabung, "A 
conj~cturt. of Paul Errlos c o n c ~ ~ n i n g  
Gausrinn primes, " Math. Comp., 24 
(1970), 221-223. 

"Would you tell me, 
please, which way I 
ought to walk from 
here ? " 

"That  depends a 
good deal on whereyou 
want to get to, " said 
the Cat. 
"I don't nzuch care 

where, " said A lice. 
"Then it doesn % mat- 

ter which way you 
walk, " said the Cat. 

The author wishes to thank Bill Dunham, Bob 
Osserman, and Bill Thurston for their advice and 
inspiration, Marissa Moss for her illustrations, 
Stan Wagon for his technical help with the 
Gaussian 2- and 3-moats (photographic-quality 
images of these moats arc available from Stan 
Wagon (wagon@macalst.edu), and Brian Wick 

for his technical help with the Gaussian fi- 
moat. The author is especailly grateful to Nancy 
Shaw for her computer wizardry and vast pa- 
tience in the preparation of all of the graphics. 

Math Horizons April 1996 13 



Coming to Grips With Success 
A Profile of Karen Uhlenbeck 

Karen Uhlenheck is a n  avid lover of nature, 
amthematician, anda  memberoft1zeAmc.n'- 
can Academy of Arts and Sciences and the 
National Academy of Sciences. Her intere.~t 
i n  math arose, i n  part, from l~erpreferen~ce to 
work alone, Izn. n,atu.ral bent for abstraction, 
her love of ideas, and her Inch of success i n  
undergraduate physics. Althouglz she faced 
blatant sexism earljl i n  her career, she nmer 
took it person all)^, realizing that pqudice 
treats a n  individz~al as a member of a class 
or group instead of as a person. 

y first love is the outdoors-I 
enjoy mountain climbing, back- 
packing, hiking, canoeing, 

swimming, and bicycling. Many of these 
interests I inherited from my parents 
who, at age 83, are still hiking and back- 
packing. I am at home in nature and, 
when I can't be out in the wilderness, I 
can often be found in my garden at my 
home in Austin. That's the real me. My 
day-to-day life is something very 
different. 

I am a mathematician. Mathemati- 
cians do  exotic research so it's hard to 
describe exactly what I do in lay terms. 
I work on partial differential equations 
which were originally derived from the 
need to describe things like electro- 
magnetism, but have undergone a cen- 
tury of change in which they are used in 
a much more technical fashion to look 
at even the shapes of space. Mathemati- 

117 </) I /?  oj  l h ~  b k o r ~ z / ) o ~ ~ ~ l  /ill1 ~ J s j m b o l ~ ,  k i o ~ n  Ulzlenberk J(IJY, 

"I'm 7 1 9  uzsz~al(y orienlprl. " 
KAREN UHLENBEGK is a professor of math- 
ematics at the University of Texas-Austin. 
She is a of the Academy cians look at imaginary spaces con- career by working on Palais' modern 

o f ~ r t s  and sciences the ~ ~ ~ i ~ ~ ~ l  ~ ~ ~ d -  structed by scientists examining other formulation of a very useful classical 
emy of Sciences. problems.~ started out my mathematics theory, the calculus of variations. I de- 
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cided Einstein'sgeneral relativity first generation of people in 
was too hard, but managed to their families to go to college- 
learn a lot about geometry of my father was an engineer, my 
space time. I did some v e n  tech- mother an artist-there was 
nical work in partial differential never a question that I would 
equations, made an unsuccessful go to college. I wanted to go to 
pass at shock waves, worked in MIT or Cornell, but my parents 
scale invariant variational prob- decided that those institutions 
lems, made a poor stab at three were too expensive and the Uni- 
manifold topology, learned gauge versity of Michigan was afford- 
field theory and then some about able. I was lucky enough to get 
applications to four manifolds, into the honors program at 
and have recently been working Michigan. I had very advanced 
in equations with algebraic infi- courses as a freshman and re- 
nite symmetries. I find that I am ceived a superb education. I 
boredwith anything I understand. had a junior-level math course 
My excuse is that I am too poor an which I found very exciting. I 
expositor to want to spend time had intended to major in phys- 
on formal matters. ics and decided to change ma- 

As a young academic I worked jors when they started taking 
by myself a lot. In fact, that was attendance in the physics lec- 
one of the attractions of math- ture. I also had trouble with 
ematics. I am the eldest of four labs-I could not learn to look 
children and I consider dealing up answers in the back of the 
with my siblings the hardest thing ..IJ book and fudge the experi- 
I've ever done in my life. That ,-is ( I  JiJth grcctlp~; K(IIP)I  o f t ~ ~ l  wnd ail )1ig/11 long ments. I could never seem to 
had a great impact on my choos- n ~ z d  ot sc1zoo1 undo the desk! get the labs to come out right. 
ing a career-I wanted a career So I switched to math and have 
where I didn't have to work with other mostly because one doesn't really un- been interested in it ever since. 
people. I've always been competitive, derstand what mathematics is until at There are three women Ph.D. math- 
but I find it difficult to cope with the leasthalfivay throughcollege.Asachi1d ematicians from my freshman honors 
attitudes of people who lose. It is still I read a lot. I read everything, including class at Michigan. Some people at the 
attractive to work in an area where I all the books in our house three times University ofMichigan have a theory to 
compete only with myself and don't over. I'd go to the library and then stay explain this phenomenon of success 
have to deal with the negative aspects of up all night reading. I used to read rates of women from their honors pro- 
competition. As my career advanced, under the desk in school. My whole gram during this time period: bright 

familvwere and still are avid readers: we 

T ~ ) P P - J P U )  old KOIPJI 101/1/ I I P J  
par~nts  and hrotlzrr John. 

however, I found I had a lot to learn 
from other people of all sorts. I have 
found it very rewarding to deal with 
younger mathematicians, and I now 
truly enjoy collaborative projects. 

I can't say that I was really interested 
in mathematics as a child or adolescent, 

lived in the country so there wasn't a 
whole lot else to do. I was particularly 
interested in reading about science. I 
was about twelve years old when my 
father began bringing home Fred 
Hoyle's books on astrophysics. I found 
them very inspiring. I also remember a 
little paperback book called One, Tzuo, 
Three, Injinil)~ by George Gamow, and I 
remember the excitement of under- 
standing this very sophisticated argu- 
ment that therewere two different kinds 
of infinities. I read all of the books on 
science in the local library and was frus- 
trated when there was nothing left to 
read. 

I grew up in New Jersey and, since 
there wasn't a state university at the 
time, I went to the University of Michi- 
gan. Since both of my parents were the 

women were not sent to expensive, pri- 
vate colleges, so they came to places like 
Michigan with honors programs. If we 
had been bright men, they suggest, our 
fatherswould have forked out the money 
to send us to Ivy League schools. 

After undergraduate school I spent a 
year at New York University's Courant 
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Institute (1964), but then married a 
biochemist who was going to Hanard, 
so I switched to Brandeis. I had a Na- 
tional Science Foundation graduate fel- 
lowship at that time, so four years of my 
graduate school were paid for at a very 
luxurious rate. I was one of the people 
who benefited from Sputnik. There was 
a handful of women in my graduate 
program, although I was not close 
friends with any of them. It was evident 
that you wouldn't get ahead in math- 
ematics ifyou hung around with women. 
We were told that we couldn't do math 
because we were women. If anything, 
there was a tendency to not be friendly 
with other women. There was blatant, 
overt discouragement, but also subtle 
encouragement. A lot of people appre- 
ciated good students, male or female, 
and I was a very good student. I liked 
doing what I wasn't supposed to do, it 
was a sort of legitimate rebellion. There 
were no expectations because we were 
women, so anything we did well was 
considered successful. 

I have always known that I was a 
really good mathematician. I have a 
natural bent for abstraction and I love 
ideas of all sorts. I value time to be by 
myself and think, about math or other 
things, it doesn't matter. The noise of 
the world is a difficult thing for me to 
deal with. I have always had a hard time 
handling external stimuli. 

My first husband's parents were older 
European intellectuals and my father- 
in-lawwas a famous physicist. They were 
very influential in my life. They had a 
different attitude toward life than Arneri- 
cans. I remember my mother-in-law 
reading Proust and giving me her En- 
glish version when she learned to read 
it in French. My in-laws valued intellec- 
tual things in a way that my parents 
didn't; my parents didvalue such things, 
but they believed that making money 
was more important. I don't think I 
would have survived at that stage of my 
careerwithout the encouragement from 
my first husband's family. 

After graduate school I had two tem- 
porary jobs. I taught for a year at MIT 
while my husband was finishing his Ph.D. 
in biophysics at Harvard, and then I 
went for two years to the University of 
California at Berkeley during the Viet- 

As a Izigh school stzident, Kcmn dreamed of n career in sciplzce. 

nam War. I was not the only woman in 
those respective departments, and I 
must say that all of these women (my 
contemporaries) succeeded spectacu- 
larly, probably because they had made 
up their minds to do what they chose. 

I'm still processing a lot of what h a p  
pened during those years. I think that 
some of the origin of older women's 
lack of synlpathywith feminists resulted 
from the fact that many ofuswere going 
along fine in our careers, and then 
somebody started shouting that you 
were nobody and you weren't supposed 
to be there. But there you were, and 
suddenly there was all this fuss about 
women. Now they had to hire women. It 
bewildered many ofus. It'snice to know 
that maybe some of the roadblocks have 
been removed, but I bet that what actu- 
ally happened was not very useful to 
anybody. 

I was told, when looking for jobs 
after my year at MIT and two years at 
Berkeley, that people didn't  hire 
women, that women were supposed to 

go home and have babies. So the places 
interested in my husband-MIT, 
Stanford, and Princeton-were not in- 
terested in hiring me. I remember be- 
ing told that there were nepotism rules 
and that they couldn't hire me for this 
reason. M'hen I challenged them on 
this issue years later, they didn't re- 
member saying these things and, inter- 
estingly enough, there were no nepo- 
tism rules "on the books." I would have 
rather they'd been honest and said they 
wouldn't hire me because I was awoman 
than lie. Conversely, I would have been 
just as offended if they'd hired me be-. 
cause I was a woman. I want to be valued 
for my work as a mathematician, not 
because I'm a member of a particular 
group. 

At that point in time people were 
saying all kinds of things about women, 
most of which had nothing to do with 
me personally. Prejudice is very rude 
because it treats you as a member of a 
class or group instead of as a person. 
People were tremendously rude. 
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I ended up at the Uni- 
versity of Illinois, 
Champaign-Urbana be- 
cause they hired me and 
my husband. In retro- 
spect I realize how re- 
markablygenerous he was 
because he could have 
been at MIT, Stanford, or 
Pr ince ton .  I hated 
Champaign-Urbana-I 
felt out of place math- 
ematically and socially, 
and itwas ugly, bourgeois 
and flat. I was lucky to 
receive a Sloan Fellowship 
and,  instead of doing 
something mathemati- 
cally u se f~~ l ,  I took time 
off from teaching to rear- 

4 - 
~ ~ ~ ~ l ~ n b e c k  cl(ottr t /lr(r/ " I [ ' $  h{oO lo bv (1 I olr ~~rotivl-\ori , ( ~ r / ! \  n r ~ l  lo thozu 
students hozu I rny)(+-t people can DP nnd rtlll ~ U C C P P ~ .  " - 

range my life. I had al- 
ready met Lesley Sibner, who has served 
me since as role model and advisor for 
many years. I also started to work with 
Jona than  Sacks a n d  was taught  
Teichmueller theory by Bill Abikoff. 
These were my first close mathematical 
contacts. I moved to Chicago, estab- 
lished what has proven to be a long- 
term relationship with Bob Williams (a 
somewhat older mathemati- 

subtle, so that you don't know what it is 
you're up against. This is true not only 
forwomen but for a lot ofyoung people. 
Young people today are up against the 
fact that most of the young scientists are 
coming from abroad, and so most of 
the people coming into academia are 
being trained somewhere other than 
the United States. No one ever talks 

dents I teach, I'm see- 
ing a lot more diver- 
sity-women, Hispan- 
ics, African-Americans. 
It can be done, notjust 
by white, Anglo men. 

I am currently at the 
University of Texas in 
Austin, and there are 
three women in the 
math department, two 
full professors and one 
associate professor. I 
run a mentoring pro- 
gram for women in 
mathematics which is 
two years old. I am aware 
of the fact that I am a 
role model for young 
women in mathematics, 
and that's partly what 

I'm here for. It's hard to be a role 
model, however, because what you re- 
ally need to do  is show students how 
imperfect people can be and still suc- 
ceed. Everyone knows that if people are 
smart, funny, pretty, orwelldressed they 
will succeed. But it's also possible to 
succeed with all of your imperfections. 
It took me a long time to realize this in 

my own life. In this respect, 
cian) , taught temporarily at being a role model is a 
Northwestern and then per- very un-glamorous posi- 
manently at the University of tion, showing people all 
Illinois at Chicago Circle. I your bad sides. I may be a 
also became friends with S.T. wonderful mathematician 
Yau, whom I credit with gen- and famous because of it, 
erously establishing me fi- : but I'm also very human. 
nally and definitively as a 
mathematician. 

I moved from Chicago 
Circle, with some regrets, to Karen Uhlenbeck lives on ten 
the University of Chicago in acres i n  the Hill Count? west 
1982, the same year I received of Austin with herpartner Bob 
a MacArthur Fellowship. It Wil l iams ,  zuho i s  also a 
has been a struggle for me to mathematician, and threecats, 
come to grips with my own who are not  mathematician.^. 
success. By looking around 
meatthe fateofotherwomen 
who wanted to be mathema- 
ticians, I can intellectually, if not emo- about this phenomenon of who is actu- 
tionally, understand that this is not so ally succeeding in the sciences and en- 
surprising. Not that the fate of other gineering-foreign-born men and 
women is surprising, but I really don't women. I try to talk about this with my Excerpted from No Universal Constants: 
understand my success. students. It'sdifficult, however, because Journeys of Women in Science and Engi- 

I think what has changed today is you're not supposed to talkabout it. In neering, eclited Dy Ambrose, el al, Temple 
that people are tremendously more the large classes of engineering stu- UniversiljPress, tobepublzshedinfall1996. 
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Talkative Eve 
Talkative Eve 

T his Cryptarithm (or alphametic, 
as some puzzlists prefer to call 
them) is an old one of unknown 

origin, surely one of the best and, I 
hope, unfamiliar to most readers: 

EVE = . TALKTALKTALK.. . 
DID 

The same letters stand for the same 
digits, zero included. The fraction EVE/ 
DID has been reduced to its lowest 
terms. Its decimal form has a repeating 
period of four digits. The solution is 
unique. To solve it, recall that the stan- 
dard way to obtain the simplest fraction 
equivalent to a decimal of 71 repeating 
digits is to put the repeating period 
over n 9's and reduce the fraction to its 
lowest terms. 

Three Squares 

Using only elementangeometry (not 
even trigonometry), prove that angle C 
in Figure 1 equals the sum of angles A 
and B. 

I am grateful to Lyber Katz for this 
charmingly simple problem. He writes 
that as a child he went to school in 
Moscow, where the problem was given 
to his fourth-grade geometry class for 
extra credit to those who solved it. "The 
number of blind alleys the problem 
leads to," he adds, "is extraordinary." 

MARTIN GARDNER is best known for his long 
r~unnine "Mathematical Games" column in 

Red, White, and Blue Weights 

Problems involving weights and bal- 
ance scales have been popular during 
the past few decades. Here is an un- 
usual one invented by Paul Curry, who 
is well known in conjuring circles as an 
amateur magician. 

You have sixweights. One pair is red, 
one pair white, one pair blue. In each 
pair one weight is a trifle heavier than 
the other but otherwise appears to be 
exactly like its mate. The three heavier 
weights (one of each color) all weigh 
the same. This is also true of the three 
lighter weights. 

In two separate weighings on a bal- 
ance scale, how can you identify which 
is the heavier weight of each pair? 

Answers 

Talkative Eve 

As stated earlier, to obtain the sim- 
plest fraction equal to a decimal of n 
repeated digits, put the repeating pe- 

riod over n 9's and reduce to its lowest 
terms. In this instance TALK/9,999, 
reduced to its lowest terms, must equal 
EVE/DID. DID, consequently, is a fac- 
tor of 9,999. Only three such factors fit 
DID: 101,303,909. 

If DID= 101, thenEVE/lOl =TALK/ 
9,999, and EVE = TALK/99. Rearrang- 
ing terms, TALK=(99) (EVE). EVE can- 
not be 101 (since we have assumed 101 
to be DID) and anything larger than 
101, when multiplied by 99, has a five- 
digit product. And so DID=101 is ruled 
out. 

If DID=909, then EVE/909=TALK/ 
9,999, and EVE=TALK/ 1 1. Rearrang- 
ing terms, TALK = (1 1) (EVE). In that 
case the last digit of TALK would have 
to be E. Since it is not E, 909 also is ruled 
out. 

Only 303 remains as a possibility for 
DID. Because EVE must be smaller than 
303, E is 1 or 2. Of the 14 possibilities 
(121, 141,. . .,292) only 242 produces a 
decimal fitting .TALK-TALK.. ., in 
which all the digits differ from those in 
EVE and DID. 

Prove that angle A plus angle B equals angle 

Sn'mtific American. He has published five F . ~ ~ ~  I 
hooks with the MAA. 
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T h e  unique  answer is 242/ 
303=.798679867986.. .If EVE/DID is 
not assumed to be in lowest terms, there 
is o n e  o the r  solution, 212,' 
606=.349834983498.. . , proving as Jo- 
seph Madachy has remarked, that EVE 
double-talked. 

1 Three Squares 

There are many ways to prove that 
angle C in the figure is the sum of 

1 angles A and B. Here is one [see figure 

I 21. Construct the squares indicated by 
gray lines. Angle B equals angle D be- 
cause they are corresponding angels of 
similar right triangles. Since angles A 
and D add to angle C, B can be substi- 
tuted for D, and it follows immediately 
that Cis the sum of A and B. 

This little problem produced aflood 
of letters from readers who sent dozens 
of other proofs. Scores of correspon- 
dents avoided construction lines by 
making the diagonals equal to the 
square roots of 2,5, and 10, then using 
ratios to find two similar triangles from 
which the desired proof would follow. 
Others generalized the problem in un- 
usual ways. 

Charles Trigg published 54 different 
proofs in the Journal ofRecreation&at/z- 
ematics, Vol. 4, April 1971, pages 90-99. 
A proof using paper cutting, by Ali R. 
Arnir-Mokz, appeared in the same jour- 
nal, Vol. 5, Winter 1973, pages 8-9. For 
other proofs, see Roger North's contri- 
bution to The M a t h a t i c a l  Gazette, De- 

Construction for proof of three-s 

Figure 2 

rrem 

cember 1973, pages 33436, and its 
continuation in the same journal, Oc- 
tober 1974, pages 212-13. For a gener- 
alization of the problem to a row of n 
squares, see Trigg's "Geometrical Proof 
of a Result of Lelimer's," in The fi- 
bonacci Qz~al-lerl)1, vol. ll, December 
1973, pages 539-40. 

Red, White and Blue Weights 

One way to solve the problem of six 
weights-two red, two white, and two 
blue-is first to balance a red and a 
white weight against a blue and a white 
weight. 

If the scales balance, you know there 
are a heavy and a light weight on each 

pan. Remove both coloredweights, leav- 
ing the white weights, one on each side. 
This establishes which white weight is 
the heavier. At the same time it tells you 
which of the other two weights used 
before (one red, one blue) is heavy and 
which is light. This in turn tells you 
which is heavy and which is light in the 
red-blue pair not yet used. 

If the scales do  not balance on the 
first weighing, you know that the white 
weight on the side thatwent down must 
be the heavier of the twowhites, but you 
are still in the dark about the red and 
blue. Weigh the original red against the 
mate of the original blue (or the origi- 
nal blue against the mate of the original 
red). As C.B. Chandler (who sent this 
simple solution) put it, the result of the 
second weighing, plus the memory of 
which sidewas heavier in the firstweigh- 
ing, is now sufficient to identi9 the six 
weights. 

For readers who liked working on 
this problem, Ben Braude, a New York 
City dentist and amateur magician, de- 
vised the following variation. The six 
weights are alike in all respects (includ- 
ing color) except that three are heavy 
and three light. The heaw~veightsweigh 
the same and the light weights weigh 
the same. Identify each in three sepa- 
rate weighings on a balance scale. H 

Gardnn rv~lcomes your commen fs, problems, and 
solul~ons. 1Vn t~  to hzm at /hefollowng nddrtss: 
ibfnrtzn Gnrdnrr,  3'001 Chestnut Road,  
HenrlPrronv~ll~. NC 28792. 

The PhD Program in Mathematics at Dartmouth 
The Dartmouth Teaching Fellowship. The program requires that students develop both as research 
mathematicians and teachers. All regular students in the program are teaching fellows. Fellows begin 
as tutors, usually tutoring two or three evenings a week for twenty weeks each year during the first two 
years of study. After admission to candidacy for the PhD degree, students take a course on teaching 
mathematics and then teach one ten-week course per year. Dartmouth takes teaching seriously, and 
supports its teaching fellows strongly, especially as regards the careful selection of teaching assignments. 

Program Features. A flexibly timed system of certification, through exams or otherwise, of knowledge 
of algebra, analysis, topology, and a fourth area of mathematics, replaces formal qualifying exams. There 
is a wide choice of fields and outstanding people to work with. Interests include algebra, analysis, 
topology, applied math, combinatorics, geometry, logic, probability, number theory, and set theory. 

For More Information. Write to Graduate Program Secretary, Mathematics Department, Dartmouth 
College, 61 88 Bradley Hall, Hanover, NH 03755-355 1 
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DUANE A. COOPER 

A Gateway to Opportunities 
hat can you do with a math 
major, besides teach? One an- 
swer is to make good use of 

your strong mathematical foundation 
as you attain an ad.iianced degree in 
another discipline that interests you. 

Options Galore 

Those of us who have taught and 
advised college mathematics students 
are familiar with the "M%at can I do . . 
. ?" query. I will ignore, here, the often 
implicit idea that teaching mathemat- 
ics is a bad thing. Instead, I will address 
the notion that the pursuit of math- 
ematics is limiting, a view that inhibits 
many talented math students from f ~ ~ l -  
filling their mathematical potentials. 
As a dismaying consequence, the pool 
of strong math majors-some of whom 
would make contributions to mathemat- 
ics beyond college shrinks as students 
who like math and are good at math flee 
for majors in business, engineering, and 
the like, which they perceive as more 
marketable. 

The Mathematical Association of 
America (MAA) is publishing valuable 
literature on career opportunities- 
beyond teaching-for math majors. 
Math Horizons articles, such as "How to 
Really Get aJob" (September, 1994) by 
Anita Solow, highlight an assortment of 
career paths takkn by recent math gradu- 
ates. MAA pamphlets and booklets, 

DUANE A. COOPER isan assistant professor in 
the Center for Mathematics Education and 
the Department of Mathematics at the Uni- 
versityof ~Maryland at College Park. He used 
hisundergraduate math majorat Morehouse 
College as a gateway to a master's degree in 
electrical engineering at Georgia Tech. 

(Careers in the Mathematical Sciences; 
More Careers in the Mathematical Sci- 
ences, iMntlmatica1 Scientists at Work) 
offer profiles of former math majors 
working in a wide variety of professions. 

The Solow article cites a math gradu- 
ate in the workforce who advises stu- 
dents to "stay in school and get a master's 
degree," similar to this author's fre- 
quent recommendation to continue or 
return later for a master's, at least. It is 
important to realize, though, that a 
math major's advanced study is not lim- 
ited to a choice of mathematics, statis- 
tics, or education. Students often do 
not know that a math major does not 
wed them to mathematics for life. 

People change fields all the time. 
Graduate students often come to their 
departments from different under- 
graduate disciplines. Professional 
schools do not prescribe the commonly 
studied college majors of business or  
economics for business school, biology 
or chemisti-y for medical or dental 
school, and political science for law 
school. With appropriate backgrounds, 
a host of graduate and professional 
programs welcome students who have 
ea rned  bachelors  degrees in 
mathematics. 

Questions 

A brief, two-item questionnaire was 
sent to a wide range of graduate and 
professional schools at the University of 
California, Berkeley, and the University 
of Maryland, College Park-a non-sci- 
entific poll conducted at two state insti- 
tutions. Almost all of the graduate pro- 
grams surveyed are Ph.D.-granting de- 
partments, though graduate study was 

not specified as being for a master's or 
a doctorate. Professional programs at 
the University of California, San Fran- 
cisco, and the University of Maryland, 
Baltimore, were also polled. Replies 
were plentiful-46 of the 84 recipients 
(55%) mostly from professors, with oth- 
ers from persons serving in administra- 
tive capacities. Responses were re- 
quested to the following questions: 

1. Do you/would you accept math 
majors into your graduate school or 
professional program? If so, what 
courses or  training (if any) should the 
applicant have besides his/her math- 
ematics background? 

2. What advantages (if any) might a 
mathematics major have as a student in 
your graduate program or professional 
school? What disadvantages ... ? 

and Answers 

The results show that most of the 
advanced degree programs would in- 
deed accept math majors ["I would cher- 
ish the opportunity to have mathemat- 
ics undergraduates as graduate students 
in my lab."] provided that they possess 
sufficient knowledge of the proposed 
new discipline. To  some respondents, 
that "sufficient knowledge" meant hav- 
ing taken many of the courses required 
of undergraduate majors in their de- 
partments. ["Two years of chemistry 
and introductory biological sciences 
would be expected." "A non-trivial 
amount of either electrical engineer- 
ing or computer science courses."] 
Other departments would require only 
some core courses in their disciplines 
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and a sincere demonstration of desire 
to pursue the new field of study. ["Some 
philosophy courses, not much matter- 
ing which." "Some indication, either 
through course work or work experi- 
ence, of a commitment to and interest 
in public service."] A double major, of 
course, is a means of satisfying the re- 
quirements of a math major and of a 
graduate department in a second disci- 
pline, but not every student's schedule 
or desire accommodates this. 

Some respondents said, 'no,' they 
would not accept math majors. ["Un- 
likely. Too many qualified astronomy 
applicants."] Their replies and expla- 
nations, too, are included in the "Ex- 
cerpts" section at this article's end. A 
University of Maryland physics profes- 
sor disagreed with my premise entirely; 
"I do not believe pure math is a suitable 
'gateway' in today's job climate. You 
should encourage double majors or  
major/minor combinations." 

Advantages commonly cited were 
math majors' analytical thinking, rea- 
soning abilities, and capacities to model 

situations mathematically. ["Ability to 
deal with formal systems and to think 
abstractly." "Being comfortable prov- 
ing mathematical theorems and doing 
algebraic manipulations."] Some disci- 
plines have areas that are particularly 
theoretical or otherwise advanced math- 
ematically. [''There is an entire range of 
theoretical problems which can only be 
studied by students with a good back- 
ground in mathematics."] Other fields 
have courses and research areas that 
are quite quantitative. ["Entomology is 
becoming more quantitative. The skills 
learned by math majors would greatly 
help students in understanding cur- 
rent literature and in usingquantitative 
approaches in their own research."] 
The math major'sundergraduate train- 
ing can prove quite valuable in these 
cases. 

The disadvantage most frequently 
mentioned was that-except for stu- 
dents with double majors-the under- 
graduate math major could be hindered 
by deficiencies in his/her background 
in the new field of study. ["Generally 

poorer preparation in undergraduate 
engineering subjects." "Unfamiliarity 
with the basic literature of the social 
sciences."] 

The results of this account should 
encourage a student who likes math- 
ematics and is good at mathematics to 
continue to study mathematics. A math 
major who has or develops an interest 
in studyinganothersubjectat thegradu- 
ate level should investigate available 
opportunities. The student can inquire 
at his/her institution or elsewhere to 
get the opinions of professors and ad- 
missions officers other than those 
quoted in the excerpts below. 

Some Excerpts 

Astronomy. "[A math major needs] a 
thorough undergraduate background 
in physics including quantum mechan- 
ics, classical dynamics, statistical phys- 
ics and thermodynamics, and electro- 
magnetism. Alab course would be help- 
ful.. . We occasionally take math stu- 
dents without this much physics, but 
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then they need to do remedial work." 
Jonathan Arons, Chairman, Dept. of 
Astronomy, UC Berkeley. 

"Unlikely. Too many qualified as- 
tronomy applicants [An advantage 
would be that] mathematics is a vital 
tool in all that we do in astronomy. An 
undergraduate physics and astronomy 
background seems essential for a suc- 
cessful graduate career." Marvin 
Leventhal, Chairman, Dept. of As- 
tronomy, UM College Park. 

Botany. 'Yes, [but they need] physics, 
chemistry, and biology-at least two 
semesters worth of all three subjects. 
[Advantage:] Much greater facility to 
quantify the phenomena of research 
interest. [Disadvantage:] Very limited 
biological intuition. 

"I work on the plant morphogen- 
esis, which attempts to characterize 
how plants generate their characteris- 
tic shapes. I would cherish the oppor- 
tunity to have mathematics under- 
graduates as graduate students in my 
lab." Todd Cooke, Director of Gradu- 
ate Studies, Dept. of Botany, UM Col- 
lege Park. 
Business and Management. "Math 

Chemistry. 'Yes, but they must also have 
had the required prerequisite courses- 
e.g., freshman chemistry, organic chem- 
istry, physical chemistry.. .I am of the 
opinion that you can never have too 
much math. 

'The physical chemistry and nuclear 
chemistry and even some [other] disci- 
plines have specialties which are math- 
ematically intensive, and having been a 
mathematics major may be a distinct 
advantage .... Your average math major 
might find experimental work a bit for- 
eign." Alice C. Mignerey, Associate 

Computer Science. "Math majors are 
okay. . if they have taken a substantial 
number of c.s. courses and acquired a 
demonstrable proficiency (by doingwell 
on the C.S. GRE, for instance). Advan- 
tages: Good analytical strengths; help- 
ful for work in theory or areas like 
robotics/vision.. . . Disadvantages: Will 
have to work harder initially to make up 
deficiencies in course work; may not 
have enough programming/hardware 
experience.'yitendra Malik, Admissions 
Committee, Computer Science Divi- 
sion, UC Berkeley. 

graduates do fine in-our MBA pro- 
gram. The program is fairly quantita- 
tive and in some cases, math majors 
may have an advantage. Math majors do 
especially well in research-oriented ar- 
eas like operations management and 
information systems." Hayden Estrada, 
Director of MBA/MS Admissions, Col- 
lege of Business & Management, UM 
College Park. 
Chemical Engineering. "Most likely not 
... unless there is strong interest in ap- 
plications as indicated by significant 
course work in applied science/engi- 
neering."Simon Goren, Chair, Dept. of 
Chemical Engineering, UC Berkeley. 

'Yes. [They would be] required to 
take a few core chemical engineering 
undergraduate courses. . . There are 
some research areas in chemical engi- 
neering where advanced math plays an 
important role. Students with math 
background, by adding fundamental 
chemical engineering knowledge, can 
develop into fine chemical engineers." 
K. Y. Choi, Graduate Program Commit- 
tee Chair, Dept. of Chemical Engineer- 
ing, UM College Park. 

Chair for Graduate Studies, Dept. of 
Chemistry and Biochemistry, UM Col- 
lege Park. 

City and Regional Planning. 'We do 
accept math majors into the [masters] 
program. We like for all our students to 
have at least one course [each] in . . . 
basic statistics, microeconomics, and 
introductorypolitica1 science. We would 
also like for our students to be computer- 
literate, notso muchwith programming, 
. . . but with spreadsheets, databases, 
and word processing programs. 

'The playing field is becoming in- 
creasingly quantitative, and these skills 
are extremely valuable, whether you're 
an urban designer or an economic de- 
velopment specialist or a land or real 
estate developer. . . . Writing is ex- 
tremely important in this field, and these 
skills should be cultivated." Kaye Bock, 
Graduate Assistant Supervisor [in 
charge of admissions and student af- 
fairs], Dept. of City & Regional Plan- 
ning, UC, Berkeley. 

Dentistry. 'Yes, we do currently accept 
math majors. Minimal science prereq- 
uisites for dental school include one 
year of inorganic chemistry and one 
year of general biology," Margaret B. 
Wilson, Assistant Dean for Admissions 
& Student Affairs, School of Dentistry, 
UM Baltimore. 

Electrical Engineering. "UC Berkeley 
does, on occasion, accept math majors 
into electrical engineering and com- 
puter science graduate programs. . . It is 
to the applicant's advantage to have 
taken a non-trivial amount of either 
electrical engineering or computer sci- 
ence courses as an undergraduate." 
Mary Byrnes, Student Affairs Ofice, 
Dept. of Electrical Engineering& Com- 
puter Science, UC Berkeley. 

Entomology."We would accept math 
majors, and in some subdivisions of 
entomology, we would welcome them. 
However, our student3 must have a solid 
background in biology as well, and 
chemistry is strongly recommended. 

"Entomology is becoming more 
quantitative. The skills learned by math 
majors would greatly help students in 
understanding current literature and 
in usingquantitative approachesin their 
own research." William 0 .  Camp, 
Graduate Director, Dept of Entomol- 
ogy, UM College Park. 

Geology and Geophysics. "Yes. Physics 
courses, both lower-division and upper- 
division, are needed. Students cannot 
take too much math ... There is an en- 
tire range of theoretical problemswhich 
can only be studied by students with a 
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good background in mathematics." 
Lane Johnson, Professor, Dept. of Ge- 
ology and Geophysics, UC Berkeley. 

Government and Politics. "Yes, If a 
student was particularly interested in ... 
theory. Some work in the social sciences 
[would be required]. . . .Advantages: 
Statistics is required; work in formal 
modeling; work in economics. 
Disadvantage: Unfamiliarity with the 
basic literature of the social sciences or 
of political science." Don Piper, Director 
of Graduate Studies, Dept. of 
Government & Politics, UM College 
Park. 

Industrial Engineering and Operations 
Research. "Yes, we do  admit math 
majors. The  math majors in our 
program have the advantage of being 
comfortable proving mathematical 
theorems and doing algebraic 
manipulations.. .A few.. .have difficulty 
using mathematics to model real-world 
phenomena.. .and difficultydeveloping 
intuition for normative (vs. descriptive) 
models with economic implications." 
Candace Yano, Chair, Graduate 

Admissions, Dept. of Industrial 
Engineeringand Operations Research, 
UC Berkeley. 

Journalism. 'We would accept quali- 
fied applicants who majored in math, 
but few, if any, apply. MTe expect jour- 
nalists to be sensitive to language and to 
organize their thoughts clearly and co- 
herently. This is a field that highly val- 
ues people who are enthusiastic, cre- 
ative, and who demonstrate initiative. 
Undergraduate coursework and out- 
side experiences that nurture these skills 
are important for all applicants.. . . We 
require students to produce a tremen- 
dous volume of clear writing." Marga- 
ret Miller, Academic Coordinator, 
Graduate School of Journalism, UC 
Berkeley. 

Law. "Some 60 applicants who majored 
in mathematics applied for the 1994 
entering class; .... 10 were admitted 
(20%). Given the overall ratio ... is 14%, 
it appears that math majors do well in 
our process. The Admissions Committee 
seeks strong academic potential 
combined with analytical skills .... 

Successful applicants also augment their 
curriculawith writing courses and other 
liberal arts courses." Edward G. Torn, 
Director ofAdmissions & Financial Aid, 
School of Law (Boalt Hall),  UC 
Berkeley. 

Linguistics. 'We have accepted math 
majors-and I think most other major 
linguistics departments have 
too .... Several major linguists I knowwere 
math majors.. .We like our graduate 
students to have high math ability ... 
and we find that math background is a 
plus. 

"Anyone trying to get admitted to a 
linguistics program should have some 
background in linguistics-preferably 
a coherent grouping of undergraduate 
courses, if not a major. . . . Experience 
with natural languages is a real plus, 
almost a necessity: students should know 
at least one other language well besides 
their native language and should have 
thought about its structure. 

"I can't think of any disadvantages 
to a math major. A major advantage is 
that math majors are not scared of 
formal models and also don't confuse 
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formalizing a problem with solving it." 
,Eve Sweetser, Chair ofGraduate Studies 
Committee, Linguistics Dept., UC 
Berkeley. 

Medicine. "Applicants of all majors and 
academic backgrounds are considered 
for medical school provided they have 
done well in their chosen field. They 
must take a "core" of courses ... two 
semesters each of English, biology, 
general chemistry, organic chemistry, 
physics ... [We] feel that  good 
performance in math courses indicates 
adequate analytical skills.. .Students are 
encouraged to pursue activities outside 
of the classroom or lab."M i 1 f o r d 
Foxwell, Dean, Office of Admissions, 
School of Medicine, UM Baltimore. 

Microbiology. "Yes, we would accept 
math majors into our graduate pro- 
gram provided that they present evi- 
dence  support ing an interest in 
microbiology.. . .Two years of chemistry 
and introductory biological sciences 
would be expected .... The disadvantage 
for mostwould be the omission of back- 
ground courses and lab experiences 
that most graduate studentswould have 
had. Some of these.. .would have to be 
remedied. For others, laboratory so- 
phistication obtained from job experi- 
ences, etc, could be adequate." Bob S. 
Roberson, Professor, Dept. of Microbi- 
ology, UM College Park. 

Music. 'We require our graduate stu- 
dents to have a background in theory, 
musicianship, and music history. . . . As 
long asstudents have the necessaryskills, 
it doesn't matter whether they are mu- 
sic majors. 

"There certainly seems to be a 
connection between musical and  
mathematical aptitude, but1 can't think 
of any direct advantages math majors 
would have." Bruce Alexander, Student 
Affairs Officer, Dept. of Music, UC 
Berkeley. 

Nuclear Engineering. "We have [ac- 
cepted] and continue to accept math 
majors. Entering students should have 
the [appropriate] background [in] 
physics, chemistry, thermodynamics, 
fluid flow, and interaction of radiation 

with matter. Students lacking portions 
of this material may make it up as a 
graduate student. Advantage: Ability to 
deal comfortably ivith partial differen- 
tial equations, especially [in] reactor 
physics. Disadvantage: Generally poorer 
preparation in undergraduate engi- 
neering subjects on which graduate 
course work is based." Don Olander, 
Professor (in charge of Graduate Ad- 
missions), Dept. of Nuclear Engineer- 
ing, UC Berkeley. 

Nutritional Sciences. "No. [MTe] would 
require several years training in chem- 
isti?, biochemistry, and biology. Also, a 
year of experience in a biology/bio- 
chemistry laboratory is usually re- 
quired."Len Bjeldanes, Professor, Dept. 
of Nutritional Sciences, UC Berkeley 

Optometry. "Of course! We have no 
required major.. .but many prerequi- 
sites: general chemistry, organic chem- 
istry, biochemistry, general biology or 
zoology, calculus/mathematics, general 
physics, reading & composition, micro- 
biology, comparative o r  human  
anatomy, human physiology, statistics, 
and psychology."SandyJaeger, Student 
Affairs Officer, School of Optometry, 
UC Berkeley. 

Philosophy. 'We do, and we would [ac- 
cept math majors]. [The applicant 
should have] some philosophy courses, 
not much mattering which .... Philoso- 
phy requires orderly thinking and rea- 
soning ability, both of which are com- 
mon to math majors .... [A math major 
may have] not much experience with 

evaluative, moral, social, and aesthetic 
questions, [nor] acquaintance, with 
history of philosophy.'Jerrold Levinson, 
Director of Graduate Studies, Dept. of 
Philosophy, UM College Park. 

Physics. 'We would not accept any stu- 
dent who had not had most of the 
physics courses of a physics major, 
though a strong electrical engineering 
background might suffice.. . A double 
math/physics major has a real advan- 
tage in theory courses, which dominate 
the first two years of graduate school." 
Richard Ellis, Associate Chair for Gradu- 
ate Education, Dept. of Physics, UM 
College Park. 

Policy Studies. 'Yes ... as long as there is 
some indication, either through course 
work or work experience, of a commit- 
ment to and interest in public service.. . . 
Since we are a quantitative program, 
math ability is extremely useful in the 
first year/core curriculum." Elisse Y. 
Miright, Assistant Dean, School of Pub- 
lic Affairs, UC Berkeley. 

Psychology. 'We definitely would ac- 
cept math majors. Approximately 16 to 
21 psychology credits would be 
needed .... A mathematics background 
is excellent for industrial psychology. . 
. . Our students need a strong back- 
ground in psychology or  research 
experience. ..The math major should 
be helpful in the required statistics 
courses and for data analysis." Betty 
Padgett, Dept. of Psychology, UM Col- 
lege Park. 

Zoology. 'We require one year [each 
of] introductory chemistry, organic 
chemistry, physics, and calculus, [and 
the] Biology GRE. Linear algebra and 
statistics are very useful to graduate 
students who study population biology. 
. . . Several applied math students have 
pursued research in our department in 
either computational neuroscience or 
theoretical population genetics. How 
ever, these students often suffer from 
inadequate biology background to per- 
mit them to generalize their models." 
Jerry Mlilkinson, Director of Graduate 
Studies, Dept. of Zoology, UM College 
Park. 
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ROBERT C. ESLINGER AND JON W. SCOTT 

Life After Calculus 
Bridging the Gap between Beginning and Advanced Mathematics 

The settin,- is the Student Hospitality Center at this 7m'nter's Joint ~Mnthematics Meetings in Orlando, Floricln. In the midst of a busy and 
producliue meeting (not to mention the "Blizzard of '96'3, the authors, both MAA Visiting iMnth~maticians, spent n delightfill couple of 
hours talking with students about making the transilion from lozuer to zlfler h e 1  mathematics courses. Lpt 's listen in on the conversation. 

W e  define calculus broadly to 1 
include multivariate catculus and I 
differential equations. 

Dan Isaksen The main difference is the 
Second year proofwriting. It is the big 
graduate thing.  T h e  emphasis  
student changes from doing cal- 
University culat ions to proving 
of Chicago theorems. 

Darren Glass Another difference is 
Junior that in calculus classes 
Rice University there are a lot of people 
who are going on into other things- 
engineering, biology, business-so that 
math is not their main interest. They 
don't care as much about it. And the 
classes are bigger. The upper level 
classes normally are smaller, and most 
of the people are there because they 
want to be, because they are interested 
in the subject. Having smaller classes 
allows teachers to be more flexible, more 
willing to work with you one-on-one. 

ROBERT C. ESLINGER is professor of math- 
ematics at Henrlrix College and a visiting 
mathematician at the MAA for the 1995-96 
school year. JON W. S C O l l  is professor of 
mathematics at ~ontgornery Cbllege and a 
visiting mathematician at the MAA for the 
1995-96 school year. 

Izzy Kyle We have been doing a lot 
Junior of group projects, which 
Hood College is a lot different from the 
freshman and sophomore years. There 
are more research type things and pre- 
sentations to the class. 

Tom Travison I have had only one 
Junior instructor  who 
Skidmore College actually encouraged 
group presentationsin class, but1 found 
that I value more the group discussions 
outside of class, with four or five people 
hanging out most ofthe semester talking 

about math. I think students learn a lot 
from each other. The more group 
discussion, the better. 

Ryan Siders The most striking feature 
Senior to me is the pace at which 
UniversiQ ideas come to you. In the 
of Minnesota first year, there are maybe 
two ideas-integration and differentia- 
tion. But compare that to the first alge- 
bra or topology course-so many ideas 
and so many shapes and so many struc- 
tures. Much, much more comes out of 
this. I find that exhilarating. 
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I want to go back to Darren's com- 
ment that calculus classes have a lot 
more students from other fields. That's 

true, but I'm not 
sure if that is good 
or bad. I took a 
course on chaos ?!? -- and a significant 
percentage of the 
students were not 
mathematicians. A 
lotwere liberal arts 
majors and thiswas 

R)n17 .\1(1o s their only math 
course. One told 

me that she didn't have to take the 
course to satisfy her requirements, but 
felt that it would be a good experience 
to actually learn math. M%en I asked 
her why she didn't take calculus, she 
surprised me with her answer that she 
wanted to take a real math course, some- 
thing rigorous, not "babied d0n.n" like 
she perceived calculus to be. 

Ruth Britto-Pacumio There might be 
Senior a difference be- 
Massachtcsetts Institute tween applied 
of Technology m a t h e m a t i -  
cians and career 
mathematicians. 
People who are ap- 
plied math majors 
love differential 
equationsso much 
that they decide 
that is what they 
want to do for the 
rest of the time. So 
for them-I don't 

11'ti//? I ~ I I / / o - ~ ' / I I  ~ ~ P I I I O  
really k n o ~ r  since I 
haven' t  taken the applied math 
courses-maybe that is not so much of 
a transition. The pure mathematicians 
know that they are interested in pure 
math before they even take calculus 
and they think of calculus as something 
else. It is not really part ofwhat they are 
interested about in math. So they prob- 
ably don't really think of it as a transi- 
tion either. They already know what 
they want to study. They might not 
know anything about it, but they are 
sort of interested in learning about al- 
gebra or  topology, for example, and 

they know that isgoing to come later. In 
the meantime, they arejust waiting and 
taking these required courses. 

Ayana Moore One of the big changes 
Junior in going from calculus 
Spelman College to more  advanced 
classes isjust basic maturity. My experi- 
ence in calculus is that you do  what you 
have to turn in-projects you have to 
turn in, but as far as studying, you cram 
e ~ e n t h i n g  into two days before the test 
and you take the test and you get an A. 
But in more advanced classes, you can't 
pull that off. It doesn't work. It is basic 
maturity. You have to study as you go. 

Dan: Another transition that I have 
been through recently from under- 
graduate to graduate school, and in a 
lot of ways there are similarities, is that 
at each stage you go up  you have to take 
more responsibility for your own edu- 
cation-maturity, as Ayana pointed out. 
In calculus you can really depend on 
the professor. Go to classes and they tell 
you everything that you need to kn0~1 
and you can go and take the exam. 
Perhaps \\.hen you get to upper divi- 
sion, you start to need to read the book 
and there is too much material to cover 
all in class, so you are on your own. 

Ayana: In higher level classes the teacher 
expects more of an effort, you have to 
read the books. One of my professors, if 
you ask a question, will say "did you 
read?" That was her favorite question. 
Teachers expect you to take more of an 
effort on your own. You can't do it all in 
the classroom. It is not going to happen. 

Tom: My linear 
algebra class was 
taughtin away that 
demanded a lot 
from the class in * v z . 2  f 
terms of basic 
knowledge. Our  
professor ~vould  fi 
always answer your km 
questions, but she 
didn't spend a lot of time going over 
stuff that was explained in detail in the 

text. So it forced me to study in a way 
that I hadn't before. I always felt that I 
couldjust pick it up in class and then go 
over my notebook. I only used the book 
for homework assignments. So my lin- 
ear algebra text, which I still have, is the 
first highlighted book I have. It has 
comments in the margin. I never did 
that before in my other books. 

Did many of you have any emphasis 
in your early math courses on 
theorem proving? Was it a big 
shock to you when you got into the 
upper level classes? Were you 
prepared for it? Was it expected? 

Izzy: Well, a t  
Hood, the pro- 
gram is small and 
the professors 
and the students 
all know each 
other. The Dro- 
fessors know IZZJ Kyle 

your background and work with that. 
Going into a proof-writing course, most 
of the class wasn't familiar with it or 
adept at doing it, but the teacher never 
catered to that. I think to everyone it is 
an initial shock. 

Darren: I remember that my high school 
teacher and my calculus teacher would 
always say, 'Well, pretty soon you are 
going to have tostartworking on proofs." 
So it wasn't a shock. I knew it was corn- 
ing, but that didn't make it any easier 
when it did come. 

Dan: I remember my first course where 
I was expected to prove theorems. They 
started giving homework that was prov- 
ing theorems and Ijuststarted doing it. 
I did my best and tried and got com- 
ments from the homework grade and 
so forth. I just went along and through- 
out the semester, without any particu- 
lar program or design, I learned how to 
write theoremsjust by doing it. Ijumped 
into the deep end and stayed afloat 
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somehow or other. I went back recently column proofs; they had perhaps seen Did any of you have calculus taught 
and was looking through my old home- that in geometry and they could under- 
work that1 had kept. Iwas sort ofshocked stand statement, reason, statement, rea- 

in a nontraditional manner where 
at the quality of what I had done. But I son, andso forth. Thenwe sort ofworked you had a laboratory component, 
could see during that first semester a them into rewriting these two-column made use of technology or did a 
big change. By semester's end I had things into paragraphs. Just add some lot of writing? Did that experience 
learned just by doing it. It just hap- English between statements and rea- help provide a bridge between your 
pened by practice. sons and put in punctuation. I think in 

a lot ofways it is the same. The format is 
lower and upper level classes? 

different, but the underlying principle 

Ruth: My first experience with proofs 
was in writing two-column proofs in 
high school geometry. The transition is 
going from two-column proofs to para- 
graph proofs, but I think the basic con- 
cepts were built into the two-column 
proofs. 

Dan: I worked one summer with a 
program for high school studentswhere 
they were learning some elementary 
number theory. A big part of it was 
teaching the students how to write 
proofs. We would start off with two- 

really is the same. 

Ayana: I guess you can run ahead of 
yourself in proofs and get stuck. You 
just need to back up and slow down. You 
have to go back to two-column proofs 
because they are very basic step-by-step 
procedures. You have to ask yourself 
where can I move from here. If you go 
back to writing down statements and 
reasons, you can eventually reason it 
out. I think that helps a lot. 

Izzy: We worked with a program called 
Project CALC which is far from tradi- 
tional. Calculus for us was a laboratory 
course and once a week, just like in 
biology or chemistry, we had a lab. It 
was actually quite theoretical. Youwould 
learn about population growth or some- 
thing and then, two hours later, would 
realize, "Oh look, I'm learning about 
exponentials!" Itwas a lot of learning by 
discovery, and I think in that way my 
transition to upper level classes was a lot 
easier because explaining myself and 
discovering things for myself was some- 
thing I became used to. 
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I had regular calculus in high school problems were done and all 50 would next to you in class can get that one, but 
and when I got to college I was expect- get done. But I can't always do all 10 of can'tgetthe other one thatyoucanget, 
ing to have an easy time with it, but it those abstract algebra problems. It is just because you are seeing things 
was totally different. I think it frustrates frustrating, but youjust have to learn to slightly differently. So I think that is 
some people because they are expect- deal with that frustration and once you why it really helps to exchange ideas 
ing a regular textbook, and to get to- 
work 50 problems, and gether after class. 
hand it In. Just boom, 
bang, get it done. A lot 
ofpeople who consider 
themselvesgood at that 
kind of thing are some- 
times frustrated be- 
cause they are chal- 
lenged so much in our 
calculus program be- 
cause it is so rigorous. 
You are really pushed 
to think and explain 
yourself. On the exams 
there are some conven- 
tional "plug and chug", 
but there also are ques- 
tions requiring more 
explanation, and just 
writing. some fluff isn't 
goingto cut it. A lot of Pamela iVk 
people think it is frus- 
trating, butfor me, con- 
tinuing my math edu- 
cation made the transition a lot 
smoother. 

Ayana: I had a strong calculus course in 
high school, so when I came to college, 
I took calculus and it wasn't bad. But 
when I got to abstract algebra, it was 
totally different. Therewere timeswhen 
I would stay up all night getting nothing 
done at all. My roommate would tell me 
to go to bed, and I would say that I had 
to get at least one problem. But some- 
times you can't find an answer. In calcu- 
lus, you can always find the answer; just 
sit there long enough. But it was differ- 
ent in abstract algebra. Sometimes, I 
just couldn't get the answer. I would 
have to ask for some help from a faculty 
member or work with someone else. 
And it wasn't easy. I was so frustrated 
that I talked about changingmy major. 
But by the end of the semester I had 
learned I had to adjust to the type of 
class and to the frustration. I had to 
learn to hang it up for the night. With 
calculus, I would sit there until all 50 

tses, Tom Trciuison, Ayana iMoore, Karen Dou 
Ryan. Siders,and Ruth Bntto-Pacumio. 

get over that hump, you know you just 
can't always do everything right there 
and then. 

Tom: Like you were saying, you have 
to learn tojust be able to put it away for 
awhile. And then the weirdest thing is 
that you will be in English class or in the 
shower and you will say "Oh!" and wish 
you had a notebook. I think the earlier 
you learn to think independently and 
on a conceptual level, the easier the 
transition will be. 

Darren: Another difference between 
hard calculus problems and hard prob- 
lems from other areas is that if there is 
a calculus problem that you can'tget no 
matter how hard you stare at it or what- 
ever, it is just really hard, the odds are 
that ninety percent of the class is sitting 
there staring at the same problem and 
not being able to get it. While in an 
abstract algebra class, if there is a prob- 
lem that you really can't get, there is a 
really good chance that the guy sitting 

What advice do 
you have for in- 
structors who 
are designing 
and teaching the 
curriculum and 
for students who 
are freshman 
and sopho- 
mores thinking 
about  be ing  
m a t h  majors  
that would help 
make the tran- 

lnty, ~ i m  Bator, sition to upper 
level courses go 
more smoothly? 

Ryan: I think, in my case in particular, 
long before I had studied calculus, I 
knew I wanted to be a math major 
because I had seen interesting prob- 
lems, like developing a strategy to win at 
checkers-something like that. In col- 
lege, I took the four hardest courses in 
math because I was so interested in 
these things. I had a blast. I don't think 
anything should get in the way of that 

sort of personal drive. I think the job of 
the teacher in the classroom is to pro- 
vide an environment in which one can 
learn a lot of material and which is not 
available elsewhere. I think the reason 
you go to college is because it is a place 
where you can learn more mathematics 
than you could on your own. The 
teacher must provide an environment 
where this is possible. 

Ruth: I like Ryan's point that interest 
provides excellent preparation. A lot of 
math majors I meet know they want to 
be math majors before they come to 

28 Math Horizons April 1996 



college and it is certainly not calculus 
that makes that decision for them. They 
are going to go through calculus and 
then, even if it is a bit of a shock when 
they come to these more advanced 
courses, they are not going to say "I have 
to prove things now, maybe I should 
switch fields." They are going to con- 
tinue to do it  and they are going to learn 
to prove things in the course of the 
classes that they are taking. 

Pamela Moses It is important to un- 
Senior derstand what you are 
MonisBrown doing and why you are 
q doing it as opposed to 
just going through the problems and 
saying, "Okay, now I found the answer, 
let me go on to the next one." So, it's a 
good idea to outline a chapter, writing 
down the concept and an example of a 
problem that you worked through that 
goes along with that idea. Then you 
have something to relate to when the 
idea comes up again. 

Tom: I have become really frustrated 
with students who say things like "I 
can't do math." Many students who 
aren't that involved in mathematics 
seem to think that math is aboutcrunch- 
ing numbers. I try to tell them it is not 
and that it is really about the love of 
thinking. It is very scholarly. These 
people don't seem to buy it. So I guess 
my advice for students is just not to be 
discouraged by that. For instructors, if 
you are a teacher in any discipline, 
there is a reason for that and you obvi- 
ously have some sort of enthusiasm or 
some sort of love of the subject matter. 
I think the greatest gift an instructor 
can give to the student, especially in an 
area like math, is communication of 
that enthusiasm. 

Ayana: I think it is importanttoseparate 
those people who are taking math, not 
only because they are math majors, but 
because they like it, from those who are 
just trying to satisfy their math 
requirement. It should be taught 
differently to prepare me for moving 
on to courses like abstract algebra or 
advanced calculus. 

Dan: I agree. An engineer really needs 
to know how to integrate the inverse 
trigonometric functions. If they are 
going to build a bridge, they need to be 
able to make a calculation and come up 
with an answer. These things are taught 
in calculus because they are so impor- 
tant. But mathematicians have a differ- 
ent emphasis. It is nice to know these 
ideas, but there is a different point to it. 
I do think it is also nice to teach engi- 
neers to think mathematically and logi- 
cally, but there is a different emphasis 
and I think it is very hard to combine 
both goals successfully in a single course. 

Teena Conklin I don't know if sepa- 
SOPhomore rating classes is a good 
k+mw idea. I learned a lot 
being in a class with people who were 
not as mathematically minded as I. In 
my calculus class, I helped a biology 
major who thought about things com- 
pletely differently than I did. She helped 
me see things in a more global, more 
interestingway. Her point ofview added 
as much to me as mine did to her. 

&ren Downey I think our introductory 
proofs course was ex- *- tremely helpful in learn- 

ing to think mathematically. But aside 
from that, it is important for the in- 
structor to have an open door policy 
where somebody can just come in and 
say "I'm confused. Do I have the right 
approach? Am I thinking about the 
problem clearly?" 

Frederick Rege If you know you are a 
Senior math major and you 
M o n i s h  are taking these cal- 

(=F culus courses, you do 
the proofs whether 
they are exciting or 
not. ~ometimesJ af- 
ter the statement of 
a theorem, bookswill 
say "the proof is an 
exercise for the 
reader."Well, do that 
exercise whether or 
not it is assigned. My 

F,vr(~ncl< f i r g ~  advise to teachers is 
that ifyou have aclass 

with mostly engineering and science 
majors, and only a couple of math ma- 
jors, make a point of isolating the math 
majors and giving them different home- 
work than the rest, because it is going to 
be much more important for them in 
the long run once they get to the higher 
courses that they have a firm under- 
standing of the processes of proof. 

Izzy: I guess we are coming full circle 
and I was thinking that maybe we can, as 
people who are already math majors 
and mathematicians, encourage other 
freshman and sophomores to keep 
going into the junior and senior 
mathematics and to let them know that 
even after hours of frustration, when 
you finally get a proof, how incredibly 
self-satisfying it is. Battling the problem 
is just a discipline. You can get a great 
deal of self-satisfaction out of that. Ifwe 
couldjust show our peers and classmates 
that making it through is really satisfying, 
that would really make a  difference.^ 
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ROBERT L. STEWART 

Mathematician at Work 
athematics can be an end in 
itself for some people, o r  it can 
open  a multitude of other  

doors. The first part of my professional 
career did not rely heavily on a math 
background. I flew armed helicopters 
inVietnam and wasaflight instructor in 
primary helicopters. But soon the d i ~ i -  
dends were realized. I was sent to the 
Army's Guided Missile Systems Officer 
Course. The heart and soul of the course 
was applied mathematics, and I was well 
prepared. Laplace transforms became 
tools for stability and control analysis, 
not mathematical abstractions. Calcu- 
lus of Variations became a means for 
computing optimum flight profiles. 
In short, the mathematics took on a 
concrete reality. 

A Masters Degree in Aeronautical 
Engineering from the University of 
Texas atArlington set the stage for my 
next step, the US Naval Test Pilot 

chief test pilot on the Apache attack 
helicopter. The ultimate test of a math- 
ematical analysis is to bet your life on it 
by flying an aircraft that isn't quite 
"house broken" yet. 

Follo~ving a very stiff competition, I 
was selected as a NASA Astronaut. My 
background led to assignment as the 
Astronaut Office representative to de- 
velop the space shuttle Entry Flight 
Control System, a task I pursued for 
three years. I found that itwas harder to 
bet someone else's life on a mathemati- 
cal analysis than it was to bet my own. 

The ultimate test of a 
mathematical analy- 
sis is to bet your life 

Robert L. Stewart 

were steadfast in their pursuit of 
School (USNTPS) . USNTPS is an ideal on it by flying a n  mathematics. 
mix of the theoretical and the practi- In 1987, I was promoted to Brigadier 
cal. The fine nuances of the stability that isn 't General. Retired from theArmyin 1992, 
equations explored in the classroom I am now Director of Advanced Pro- 
in the morning, are graphically dem- 
onstrated in the air that afternoon, 
thus cementing the relationship be- 
tween the mathematics and the real 
world. 

As an experimental test pilot as- 
signed to Edwards Air Force Base, CA, I 
was fortunate enough to test five proto- 
type helicoptersin four years. The high- 
light was being the project officer and 

ROBERT L. STEWARTrecei~red hisBS in math- 
elllatics from the University of Southern 
Mississippi. He is currently employed at 
Nichols Research Corporation as Director 
o f  Advanced Programs. 

"house hoken " grams, Nichols Research Corporation, 
Colorado Springs. 

yet. 1t shouldbe e\rident that each step in 
my career has rested on a firm founda- 
tion in mathematics. For me, the study 
of mathematics was the key that opened 

IVhile at NASA, 1 flew two space shuttle the doors to the universe. 
flights. O n  STS41B Bruce McCandless 
and I conducted the first orbital flight 
tests of the Manned Maneuvering Unit 
(MMU), the first untethered extra- 
vehicular activity from a spacecraft in 
flight. Being all alone, 1,000,000 feet 
above the earth, traveling at nearly 
17,500 m.p.h., makes one very happy 
that Isaac Newton and Johannes Kepler 

careers using mathematics, order 
~Mothemnticnl Scientists at Work, $3.00. 
See the back page of this issue for a 
description and ordering information. 
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Problem Section 
Editor 

Murray Klamkin 
Universitj of Alberfa 

This section features problems for students at the uncler- 
graduate and (challenging) high school levels. As nerv 
editor, the probleins will of course reflect my tastes as 
well as the submissions of its readers. My preferences are 
for problems that are not highly technical so they can be 
easily understood by the general reader. There should 
be a certain elegance about the problems; the best prob- 
lems are elegant in statement ("short and sweet"), ele- 
gant in result, ancl elegant in solution. Such problems 
are not easy to come bj.. Nevertheless, any problem sub- 
mitted should include a solution and be elegant in at 
least one of the three categories. Original problems are 
preferred but this does not rule out elegant problems 
which are not well kno~vn (these will be illclicated by a 
dagger (f)). For the latter, any knor1.n information about 
then] should be included. Also to be included are 

"Mathematical Quickies." These are problems which can 
be solved laboriously but with proper insight and knowl- 
edge can be sol\~ecl easily. These problems will not be 
identified as such except for their solutions appearing 
at the end of the section (so no solutions should be sub- 
mitted for these problems). 

All problems and/or solutions should be submitted 
in duplicate in easily legible form (preferably printed) on 
separate sheets containing the contributor's name, mail- 
ing address, school affiliation, and academic status (i.e., 
high school student, undergraduate, teacher, etc.) and 
sent to the editor, Math. Dept., University of Alberta, 
Edmonton, Alberta T6G 2G1, Canada. If an acknowl- 
edgement is desired an e-mail address or a stamped 
self-addressed postcard should be included (no stamp 
necessary for outside Canada and the US). 

Proposals 
To be considered for publication, solutions to the follor\*ing problems should be received by September 20, 1996. 

Problem 46. Proposed by Vaclav Konecny, Ferris State 
University. Determine all nlaxima ancl minima of 

F ( 6 )  = [1 + p2 - 2 p c o s ( 2 ~ / 3  + O ) ]  x where a, b, c  are given numbers with a  2 b 2 c, l2 + 
m2 + n2 = 1 ,  and 

[ I +  P2 - 2p c o s ( 2 ~ / 3  - B ) ]  [1+ p2 - 2p cos B ]  

for given p  > 0. A = 2rabc { ( a 2  + + u ) ( c 2  + U ) } - ~ ~ ~ ~ U ;  I" 
Problem* 47. Determine the equation of a cone whose B = 2rabc { ( a 2  + u ) ( b 2  + u) '(c2 + ~ ) } - ' ' ~ d u ,  
vertex is at the center of a given ellipsoid and which 
passes through all the points ~0111111011 to the ellipsoid 

6" 
" 

and a given concentric sphere. C = 2 m b c l  { ( a 2  + u) (b2  + u ) ( c 2  + i ~ ) ' } - l ' ~ d u .  

Problem 48. Proposed by the Problem Editor. Deter- Problem 50. Proposed by K. S. Murray, Brooklyn, NY. mine all triples of positive integers ( a .  b. c )  such that they 
Ellipses and hyperbolas have the property that the seg- 

are the pth, qth, and rth terms, respectively, of both an 
ment of a tangent to either curve intercepted between arithmetic progression and a geometric progression. 
the t~vo tangents to the curve at ends of its major axis 
subtends a right angle at a focus. Are there an)i other 

Problem 49. Proposed by P. K. Wagner, Chicago, IL. snlooth curves with this property? 
Determine the extreme values of 
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Solutions 
Problem 36: An Inequality 

Pro1.e that for s. y > 0 ,  

Sol~rLion by the proposer. Although the result follows by 
showing that an appropriate function has a nonnegative 
derivative (as done by most of the solvers), a more gen- 
eral result follows easily from the majorization inequality 
[A. W. Marshall, I. Olkin, Inequalities: T h e 0 9  o f  Mujoriza- 
t i on  a n d  Its Applicatio?zs, Academic Press, NY, 19791. If 

then xy="=,(ai) 2 xy=L=I F(b i )  where F is a convex func- 
tion. As a special case, 

where G ( x )  and H ( x )  are nondecreasing functions. For 
the given problem, just let - F ( t )  = = H ( t ) ,  G ( t )  = t. 

Also solned by Steve Benton and Z.  L. Zzl, T .  S .  Bola, Farrell 
Brumley, Hung Chen, R. J.  Covrll, David Doster, R. E. Kennefi  
and Curtis Cooper, D. E.  ~Manes, C. A. Minh, W .  C. Re$ and the 
TVestern Maryland College Problent Seminar. 

Also solz~etl 63' Benjanzin Arnzlrrzlster (7th grader), Steve Benton 
and Z.  L. Z ~ L ,  T. S. Bolis, D. K. Johnson, C. A .  Minh, Peter Roth- 
nlaler (2 sohltions), and the proposer. All these solutfons were analytic 
except for the ones Rothmaler and the proposer who used the de f  
fn?tfon of a parabola as the locw of the point whose distance from a 
fixed point eqzlals its distance to a fixed line. 

Problem 38: A Smallest Perfect Square 

Find the smallest positive integer n such that 19n + 1  
and 95n + 1  are both integer squares. 

Solution.  Eliminating n from y2 = 19n + 1  and x2 = 
95n + 1,  we get the Pell equation x2 - 5y2 = -4. 
Only three solvers, T.  S. Bolis (University of Ioannina, 
Greece), D. K. Johnson (Valley Catholic High School) 
and the proposer, gave a general solution to the latter. 
The simplest was the proposer's, i.e., ( x ,  y )  = (x,, y,) 
where (z, +yn&) = ( ( 1  + &)/2In  for n = 1 , 3 , 5 , .  . . . 
It follows that y, = F2n-1 which are the odd terms of 
the Fibonacci sequence. It then suffices to find the first 
term of the sequence 2,5,13,34..  . . whose square is con- 
gruent with 1 (mod 19). This term is F17 = 1597, so that 
n,,i, = ( F A  - 1)/19 = 134,232. 

Editorial note. None of these solvers proved that they 
had all  the solutions to the Pell equation; Bolis just re- 
ferred to the book, H. Hasse, iVz~mber  Theory, Springer- 
Verlag, pp. 554-555. 

The other soh~ers, Steve Benton and 2. L. ZIL, Jeffrey Bonjiglio, 
D. J .  Covert, R .  J .  Covill, Cadet Freddie Lpdfors, D. E. Manes, J .  
Surk, and the Western M a ~ l a n d  College Problenz Senzinar, all set u p  
contputer progranls to p v e  tha snzallest solz~tion. 

Problem 39: Concurrent Lines 
Problem 37: A Locus 

F is a point and C is a line such that [FC] = 3 ,  where [ F t ]  
denotes the distance from F to 1. Find the locus of the 
point P such that P F  + [PC] = 5. 

Solution bjl Daoid Doster, Wallingforcl, CT. Let P' be the 
line through F perpendicular to P and 0 be the in- 
tersection of ! and 4'. We now choose a rectangular 
coordinate system such that t is the x-axis and t' is 
the y-axis. Then F = (0 .3) .  If P ( x .  y )  by any point on 
the locus, the condition P F  + [ P t ]  = 5 is equivalent to 
J x 2  + (y - 3)2 + Iyl = 5  or x2 = 16 + 6y  - 101yl which 
in turn is equivalent to x" -4(y  - 4 )  if y  2 0  and 
x2 = 16(y + 1 )  if y  < 0. Thus any point of the locus 
lies on parts of two parabolas. Conversely, any point on 
the latter parts of the two parabolas satisfy the given 
condition so it is the locus. 

Let n + 1  points be given on a sphere. From the cen- 
troid of any n of these points a line is drawn normal to 
the tangent plane to the sphere at the remaining point. 
Prove that all these n + 1  lines are concurrent. 

Generalization by T. S.  Bolis (University o f  Ioannina,  Greece) 
and the Problenl Editor.  An exercise in a geometry book 
which we do not recall was to prove that if the alti- 
tudes of a tetrahedron were concurrent then the per- 
pendicular lines to the four faces at their respective 
centroids were also concurrent. Another related prob- 
lem appeared on a Cambridge Scholarship Examina- 
tion, i.e., if lines are drawn through the midpoints of 
sides B C ,  C A ,  A B  of a triangle parallel to P A ,  P B ,  P C ,  
respectively, where P is any point in the plane of the tri- 
angle, then these three lines are concurrent. More gen- 
erally, we show that if PI A", A l , . .  . , A ,  are n + 2  points 
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in Em, and Gi is the centroid of Ao,Al, . . . ,An less Ai, 
then the lines through Gi parallel to PAi are concurrent 
and, conversely, the lines through Ai parallel to PGi are 
concurrent (i = 0,1 , .  . . n). A proof fo l lo~~s  easily using 
vectors. 

Let V denote a vector from P to any point V. Then 
the vector equations of the lines through Gi parallel to 
PAi are given by R i  = Gi + XiAi where Xi are real 
parameters, Gi = (S-Ai)/n and S = Ao+Al +. . .+An. 
By choosing Xi = l l n ,  it follou~s that all the lines Ri have 
the common point S l n  which lies on the line joining P 
to the centroid G of all the points Ao: A1,. . . ,An. For 
the converse, the equations of the lines through Ai and 
parallel to PGi are given by R i  = Ai+XiGi. By choosing 
Xi = n, the lines here have the common point S which 
again is on the line joining P to G. 

It is to be noted that for n = 2, the triangle case, we 
have the following special results: (i) The concurrency of 
the altitudes and the concurrency of the perpendicular 
bisectors of the sides each imply the other; (ii) If P is the 
circumcenter, then the lines through Gi and parallel to 
PAi are concurrent at the point (A1 +A2 +A3)/2 which 
corresponds to the center of the ninepoint circle of the 
triangle. 

Also solvetl by D. K. Johnson and tlw IVesfern ~Vlaryland College 
Problem Seminar. 

Problem 40: Hyperbolic Inequality 

Prove that 

cosh d m  5 (cosh x) (cosh y) 

for all real x, y. 

Solution 1 .  The solutions by D. K. Johnson (Valley 
Catholic High School), D. E. Manes (SUNY at Oneonta), 
and E. T.  H. Wang (Wilfrid Laurier University) were the 
same and used the power series for coshx, i.e., 

It then suffices to show that 

for any positive integer n and 0 5 k < n and this is done 
by induction. 

Solution 2 by T. S.  Bolis (University of Ioannina, Greece). 
Since cosh f i  is convex for t 2 0, it follows by Jensen's 
inequality that cosh J;L + cosh fi 2 2 cosh J-. 
Setting &= x + y and fi = x - y and expanding out, 
we obtain the desired inequality for x 2 y 2 0. Then by 
symmetry and cosh being an even function, we get the 
general case. 

Solution 3 and conzments bjl the popose.rs. Holding x fixed, 
consider the function of y: 

F(y) = (cosh x)(cosh y)/ cosh d m .  
Since F(0) = 1 and F(W)  = coshx 2 1, it suffices to 
show that F is increasing in y for y > 0, or  equiva- 
lently that aF/dw > 0. The latter condition reduces to 
(tanh y)/y > (tanh >=)/v";Ti?;l and this follows 
since (tanh y)/y is a decreasing function of y (just con- 
sider its derivative). 

By letting x = u2 - v2 and y = 2wv, one can 
show that another equivalent form of the inequality is 
(tanh u2)(tanh v2) 2 tanh2 UV. 

The geometric significance of the given inequality 
is that if a, b, c are the sides of a hyperbolic right tri- 
angle with hypotenuse c, then c2 2 a2 + b2 and with 
equality only for a degenerate triangle. Note that here 
coshc = (cosha)(cosh b). Analogously, for spherical tri- 
angles (elliptic geometry) we have c2 5 a2 + b2 and since 
here cos c = (cos a)(cos b), this leads to cos d m  5 
(cos a)(cos b) subject to a2 + b2 5 r2 and vice-versa. Also 
(tanx2)(tan y2) > tan2 xy subject to x2, y2 5 r /2.  

Also solved by Western M a ~ l a n d  College Problem Seniinar. 

Problemt 47: (Quickie) Equation of a Cone 

If the equations of the ellipsoid and sphere are 

x2 y2 z2 - + - + -  = 1  and x 2 f Y 2 + z 2 = r 2 .  
a2 b2 c2 

the equation of the cone is 

Note that since the equation is homogeneous of degree 
2, it represents a cone whose vertex is the origin; and 
it is clear that the cone intersects the sphere and the 
ellipsoid in the same points. 

If say a > b > c and then r = b, the cone is de- 
generate and consists of two intersecting planes which 
intersect the ellipsoid in a pair of circles of radius b and 
which are the largest circles lying on the ellipsoid. This 
is related to Putnam Competition Problem A-5, 1970 
which was to determine the radius of the largest circle 
on the ellipsoid. 
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