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Last time

• motion in 2 dimensions

• relative motion



Overview

• projectile motion

• time of flight and range of a projectile



Projectiles

projectile

Any object that is thrown. We will use this word specifically to
refer to thrown objects that experience a vertical acceleration g .

Assumption

Air resistance is negligible.

Why do we care?
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Projectile Velocity
 4.3 Projectile Motion 85

Figure 4.7 The parabolic path 
of a projectile that leaves the ori-
gin with a velocity vSi . The velocity 
vector vS changes with time in 
both magnitude and direction. 
This change is the result of accel-
eration aS 5 gS in the negative  
y direction.
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Figure 4.8  The position vector 
rSf  of a projectile launched from 
the origin whose initial velocity 
at the origin is vSi . The vector vSit 
would be the displacement of the 
projectile if gravity were absent, 
and the vector 12 gSt 2 is its vertical 
displacement from a straight-line 
path due to its downward gravita-
tional acceleration.
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Figure 4.9 A projectile launched 
over a flat surface from the origin 
at ti 5 0 with an initial velocity 
vSi . The maximum height of the 
projectile is h, and the horizontal 
range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):

vyf 5 vyi 2 gt

vy,avg 5
vyi 1 vyf

2

   yf 5 yi 1 1
2 1vyi 1 vyf 2 t 

 yf 5 yi 1 vyit 2 1
2gt 2

vyf
2 5 vyi

2
 2 2g 1 yf 2 yi 2

The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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Figure 4.9 A projectile launched 
over a flat surface from the origin 
at ti 5 0 with an initial velocity 
vSi . The maximum height of the 
projectile is h, and the horizontal 
range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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Vector Addition can give a Projectile’s Trajectory
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 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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Motion in 2 Dimensions
A method of testing that the vectors add as asserted!

88 Chapter 4 Motion in Two Dimensions
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The velocity of the projectile (red 
arrows) changes in direction and 
magnitude, but its acceleration 
(purple arrows) remains constant.
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Figure 4.12  (Example 4.3) (a) Multiflash photograph of the projectile–target demonstration. If the gun 
is aimed directly at the target and is fired at the same instant the target begins to fall, the projectile will 
hit the target. (b) Schematic diagram of the projectile–target demonstration.

 

Example 4.3   A Bull’s-Eye Every Time 

In a popular lecture demonstration, a projectile is fired at a target in such a way that the projectile leaves the gun at 
the same time the target is dropped from rest. Show that if the gun is initially aimed at the stationary target, the pro-
jectile hits the falling target as shown in Figure 4.12a.

Conceptualize We conceptualize the problem by studying Figure 4.12a. Notice that the problem does not ask for 
numerical values. The expected result must involve an algebraic argument.

AM

S O L U T I O N

Write an expression for the y coordinate 
of the target at any moment after release, 
noting that its initial velocity is zero:

(1)   yT 5 yi T 1 10 2 t 2 1
2gt 2 5 x T tan ui 2 1

2gt 2

Write an expression for the y coordinate 
of the projectile at any moment:

(2)   yP 5 yi P 1 vyi Pt 2 1
2gt 2 5 0 1 1vi P sin ui 2 t 2 1

2gt 2 5 1vi P sin ui 2 t 2 1
2gt 2

Write an expression for the x coordinate 
of the projectile at any moment:

 xP 5 xiP 1 vxi Pt 5 0 1 1vi P cos ui 2 t 5 1viP cos ui 2 t 
Solve this expression for time as a function 
of the horizontal position of the projectile:

t 5
xP

vi P cos ui

Substitute this expression into Equation (2): (3)   yP 5 1viP sin ui 2 a xP

viP cos ui
b 2 1

2gt 2 5 xP tan ui 2 1
2gt 2

Finalize Compare Equations (1) and (3). We see that when the x coordinates of the projectile and target are the 
same—that is, when xT 5 xP—their y coordinates given by Equations (1) and (3) are the same and a collision results.

Categorize Because both objects are subject only to gravity, we categorize this problem as one involving two objects 
in free fall, the target moving in one dimension and the projectile moving in two. The target T is modeled as a particle 
under constant acceleration in one dimension. The projectile P is modeled as a particle under constant acceleration in the  
y direction and a particle under constant velocity in the x direction.

Analyze Figure 4.12b shows that the initial y coordinate yi T of the target is xT tan ui and its initial velocity is zero. It falls 
with acceleration ay 5 2g. 

rf = vi t −
1

2
gt2j
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Time of Flight of a Projectile

time of flight

The time from launch to when projectile hits the ground.

How can we find the time of flight of a projectile?
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Figure 4.7 The parabolic path 
of a projectile that leaves the ori-
gin with a velocity vSi . The velocity 
vector vS changes with time in 
both magnitude and direction. 
This change is the result of accel-
eration aS 5 gS in the negative  
y direction.
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Figure 4.9 A projectile launched 
over a flat surface from the origin 
at ti 5 0 with an initial velocity 
vSi . The maximum height of the 
projectile is h, and the horizontal 
range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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Assuming that it is launched from the ground and lands on the
ground at the same height...



Time of Flight of a Projectile

One way to find it: notice that just when striking the ground,
∆y = 0.

∆y = vy ,i t +
1

2
ay t

2

0 = vi sin θt −
1

2
gt2

Now cancel a factor of t. Warning! This will remove one solution
to this equation in t. What is it?

1

2
gt = vi sin θ

tflight =
2vi sin θ

g
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Time of Flight of a Projectile
Quick Quiz 4.31 Rank the launch angles for the five paths in the
figure with respect to time of flight from the shortest time of flight
to the longest. (Assume the magnitude vi remains the same.)

86 Chapter 4 Motion in Two Dimensions

 We can determine h by noting that at the peak vy! 5 0. Therefore, from the 
particle under constant acceleration model, we can use the y direction version of 
Equation 2.13 to determine the time t! at which the projectile reaches the peak:

 vyf 5 vyi 2 gt    S   0 5 vi sin ui 2 gt !

t ! 5
vi sin ui

g

 Substituting this expression for t! into the y direction version of Equation 2.16 
and replacing yf 5 y! with h, we obtain an expression for h in terms of the magni-
tude and direction of the initial velocity vector:

yf 5 yi 1 vyit 2 12gt 2   S    h 5 1vi sin ui 2  vi sin ui

g 2 1
2g avi sin ui

g b2

  h 5
vi

2 sin2 ui

2g
 (4.12)

 The range R is the horizontal position of the projectile at a time that is twice the 
time at which it reaches its peak, that is, at time t" 5 2t!. Using the particle under 
constant velocity model, noting that vxi 5 vx" 5 vi cos ui, and setting x" 5 R at t 5 
2t!, we find that

xf 5 xi 1 vxit   S    R 5 vxit " 5 1vi cos ui 22t !

 5 1vi cos ui 2  2vi sin ui

g 5
2vi

2 sin ui cos ui

g

Using the identity sin 2u 5 2 sin u cos u (see Appendix B.4), we can write R in the 
more compact form

 R 5
vi

2 sin 2ui

g  (4.13)

 The maximum value of R from Equation 4.13 is Rmax 5 vi
2/g . This result makes 

sense because the maximum value of sin 2ui is 1, which occurs when 2ui 5 90°. 
Therefore, R is a maximum when ui 5 45°.
 Figure 4.10 illustrates various trajectories for a projectile having a given initial 
speed but launched at different angles. As you can see, the range is a maximum 
for ui 5 45°. In addition, for any ui other than 45°, a point having Cartesian coordi-
nates (R, 0) can be reached by using either one of two complementary values of ui, 
such as 75° and 15°. Of course, the maximum height and time of flight for one of 
these values of ui are different from the maximum height and time of flight for the 
complementary value.

Q uick Quiz 4.3 Rank the launch angles for the five paths in Figure 4.10 with 
respect to time of flight from the shortest time of flight to the longest.

50

100

150
y (m)

x (m)

75!

60!

45!

30!

15!

vi " 50 m/s

50 100 150 200 250

Complementary 
values of the initial 
angle ui result in the 
same value of R.

Figure 4.10 A projectile 
launched over a flat surface from 
the origin with an initial speed 
of 50 m/s at various angles of 
projection.

Pitfall Prevention 4.3
The Range Equation Equation 
4.13 is useful for calculating R only 
for a symmetric path as shown in 
Figure 4.10. If the path is not sym-
metric, do not use this equation. The 
particle under constant velocity 
and particle under constant accel-
eration models are the important 
starting points because they give 
the position and velocity compo-
nents of any projectile moving  
with constant acceleration in two 
dimensions at any time t.

A 15◦, 30◦, 45◦, 60◦, 75◦

B 45◦, 30◦, 60◦, 15◦, 75◦

C 15◦, 75◦, 30◦, 60◦, 45◦

D 75◦, 60◦, 45◦, 30◦, 15◦

1Page 86, Serway & Jewett
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tude and direction of the initial velocity vector:

yf 5 yi 1 vyit 2 12gt 2   S    h 5 1vi sin ui 2  vi sin ui

g 2 1
2g avi sin ui

g b2

  h 5
vi

2 sin2 ui

2g
 (4.12)

 The range R is the horizontal position of the projectile at a time that is twice the 
time at which it reaches its peak, that is, at time t" 5 2t!. Using the particle under 
constant velocity model, noting that vxi 5 vx" 5 vi cos ui, and setting x" 5 R at t 5 
2t!, we find that

xf 5 xi 1 vxit   S    R 5 vxit " 5 1vi cos ui 22t !

 5 1vi cos ui 2  2vi sin ui

g 5
2vi

2 sin ui cos ui

g

Using the identity sin 2u 5 2 sin u cos u (see Appendix B.4), we can write R in the 
more compact form

 R 5
vi

2 sin 2ui

g  (4.13)

 The maximum value of R from Equation 4.13 is Rmax 5 vi
2/g . This result makes 

sense because the maximum value of sin 2ui is 1, which occurs when 2ui 5 90°. 
Therefore, R is a maximum when ui 5 45°.
 Figure 4.10 illustrates various trajectories for a projectile having a given initial 
speed but launched at different angles. As you can see, the range is a maximum 
for ui 5 45°. In addition, for any ui other than 45°, a point having Cartesian coordi-
nates (R, 0) can be reached by using either one of two complementary values of ui, 
such as 75° and 15°. Of course, the maximum height and time of flight for one of 
these values of ui are different from the maximum height and time of flight for the 
complementary value.

Q uick Quiz 4.3 Rank the launch angles for the five paths in Figure 4.10 with 
respect to time of flight from the shortest time of flight to the longest.
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75!
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45!

30!

15!

vi " 50 m/s

50 100 150 200 250

Complementary 
values of the initial 
angle ui result in the 
same value of R.

Figure 4.10 A projectile 
launched over a flat surface from 
the origin with an initial speed 
of 50 m/s at various angles of 
projection.

Pitfall Prevention 4.3
The Range Equation Equation 
4.13 is useful for calculating R only 
for a symmetric path as shown in 
Figure 4.10. If the path is not sym-
metric, do not use this equation. The 
particle under constant velocity 
and particle under constant accel-
eration models are the important 
starting points because they give 
the position and velocity compo-
nents of any projectile moving  
with constant acceleration in two 
dimensions at any time t.

A 15◦, 30◦, 45◦, 60◦, 75◦←
B 45◦, 30◦, 60◦, 15◦, 75◦

C 15◦, 75◦, 30◦, 60◦, 45◦

D 75◦, 60◦, 45◦, 30◦, 15◦

1Page 86, Serway & Jewett



Range of a Projectile

range

The distance in the horizontal direction that a projectile covers
before hitting the ground.

How can we find the range of a projectile?

 4.3 Projectile Motion 85

Figure 4.7 The parabolic path 
of a projectile that leaves the ori-
gin with a velocity vSi . The velocity 
vector vS changes with time in 
both magnitude and direction. 
This change is the result of accel-
eration aS 5 gS in the negative  
y direction.
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Figure 4.8  The position vector 
rSf  of a projectile launched from 
the origin whose initial velocity 
at the origin is vSi . The vector vSit 
would be the displacement of the 
projectile if gravity were absent, 
and the vector 12 gSt 2 is its vertical 
displacement from a straight-line 
path due to its downward gravita-
tional acceleration.
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Figure 4.9 A projectile launched 
over a flat surface from the origin 
at ti 5 0 with an initial velocity 
vSi . The maximum height of the 
projectile is h, and the horizontal 
range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):

vyf 5 vyi 2 gt

vy,avg 5
vyi 1 vyf

2

   yf 5 yi 1 1
2 1vyi 1 vyf 2 t 

 yf 5 yi 1 vyit 2 1
2gt 2

vyf
2 5 vyi

2
 2 2g 1 yf 2 yi 2

The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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eration aS 5 gS in the negative  
y direction.
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range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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Range of a Projectile

A long jumper leaves the ground at an angle of 20.0◦ above the
horizontal and at a speed of 11.0 m/s. How far does he jump in
the horizontal direction?

R =
v2
i sin(2θ)

g

=
(11.0 m/s)2 sin(2× 20.0)

9.8 m/s2

= 7.94 m
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horizontal and at a speed of 11.0 m/s. How far does he jump in
the horizontal direction?

R =
v2
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g
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(11.0 m/s)2 sin(2× 20.0)

9.8 m/s2

= 7.94 m



Maximizing Range

R =
v2

0 sin(2θ)

g

What angle maximizes the range of the projectile?

As our final example of symmetry, consider the range R. A plot of R versus
launch angle is shown in Figure 4–11 for Note that in the absence
of air resistance, R is greatest at as pointed out previously. In addition,
we can see from the figure that the range for angles equally above or below 45° is
the same. For example, if air resistance is negligible, the range for is the
same as the range for 

Symmetries such as these are just some of the many reasons why physicists find
physics to be “beautiful” and “aesthetically pleasing.” Discovering such patterns
and symmetries in nature is really what physics is all about. A physicist does not
consider the beauty of projectile motion to be diminished by analyzing it in detail.
Just the opposite—detailed analysis reveals deeper, more subtle, and sometimes
unexpected levels of beauty.

Maximum Height
Let’s follow up on an observation made earlier in this section, namely, that a pro-
jectile is at maximum height when its y component of velocity is zero. In fact, we
will use this observation to determine the maximum height of an arbitrary pro-
jectile. This can be accomplished with the following two-step calculation: (i) Find
the time when (ii) Substitute this time into the y-versus-t equation of mo-
tion, This calculation is carried out in the next Example.y = 1v0 sin u2t - 1

2 gt2.
vy = 0;

u = 60°.
u = 30°

u = 45°,
v0 = 20 m/s.u
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▲ FIGURE 4–11 Range and launch angle in the absence of air resistance
(a) A plot of range versus launch angle for a projectile launched with an initial speed of 20 m/s. Note that the maximum range
occurs at Launch angles equally greater than or less than 45°, such as 30° and 60°, give the same range. (b) Trajectories of
projectiles with initial speeds of 20 m/s and launch angles of 60°, 45°, and 30°. The projectiles with launch angles of 30° and 60° land
at the same location.

u = 45°.

▲ An archerfish would have trouble
procuring its lunch without an instinc-
tive grasp of projectile motion.

EXAMPLE 4–7 What a Shot!
The archerfish hunts by dislodging an unsuspecting insect from its resting place with a stream of water expelled from the fish’s
mouth. Suppose the archerfish squirts water with an initial speed of 2.30 m/s at an angle of 19.5° above the horizontal. When the
stream of water reaches a beetle on a leaf at height h above the water’s surface, it is moving horizontally.
a. How much time does the beetle have to react?
b. What is the height h of the beetle?
c. What is the horizontal distance d between the fish and the beetle when the water is launched?

Picture the Problem
Our sketch shows the fish squirting water from the origin, and the beetle at The stream of water starts
off with a speed at an angle above the horizontal. Note that the water is moving horizontally when it
reaches the beetle.

u = 19.5°v0 = 2.30 m>s x = d, y = h.x0 = y0 = 0,
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Maximizing Range

R =
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0 sin(2θ)
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What angle maximizes the range of the projectile?
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tive grasp of projectile motion.
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The archerfish hunts by dislodging an unsuspecting insect from its resting place with a stream of water expelled from the fish’s
mouth. Suppose the archerfish squirts water with an initial speed of 2.30 m/s at an angle of 19.5° above the horizontal. When the
stream of water reaches a beetle on a leaf at height h above the water’s surface, it is moving horizontally.
a. How much time does the beetle have to react?
b. What is the height h of the beetle?
c. What is the horizontal distance d between the fish and the beetle when the water is launched?

Picture the Problem
Our sketch shows the fish squirting water from the origin, and the beetle at The stream of water starts
off with a speed at an angle above the horizontal. Note that the water is moving horizontally when it
reaches the beetle.
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What Happens with Air Resistance?
The projectile’s path without air resistance is a symmetrical
parabola.

With air resistance, this is no longer the case.
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▲ FIGURE 4–9 Projectiles with air
resistance
Projectiles with the same initial speed but
different launch angles showing the
effects of air resistance. Notice that the
maximum range occurs for a launch
angle less than 45°, and that the projec-
tiles return to the ground at a steeper
angle than the launch angle.

▲ To be successful, a juggler must master
the behavior of projectile motion. Physi-
cist Richard Feynman shows that just
knowing the appropriate equations is not
enough; one must also practice. In this
sense, learning to juggle is similar to
learning to solve physics problems.

Note that R depends inversely on the acceleration of gravity, g—thus the
smaller g, the larger the range. For example, a projectile launched on the Moon,
where the acceleration of gravity is only about 1/6 that on Earth, travels about
six times as far as it would on Earth. It was for this reason that astronaut Alan
Shepard simply couldn’t resist the temptation of bringing a golf club and ball
with him on the third lunar landing mission in 1971. He ambled out onto the
Fra Mauro Highlands and became the first person to hit a tee shot on the Moon.
His distance was undoubtedly respectable—unfortunately, his ball landed in a
sand trap.

Now, what launch angle gives the greatest range? From Equation 4–12 we see
that R varies with angle as thus R is largest when is largest—that is,
when Since it follows that gives the maximum
range. Thus

4–13

As expected, the range (Equation 4–12) and maximum range (Equation 4–13)
depend strongly on the initial speed of the projectile—they are both propor-
tional to 

Note that these results are specifically for the case where a projectile lands
at the same level from which it was launched. If a projectile lands at a higher
level, for example, the launch angle that gives maximum range is greater
than 45°, and if it lands at a lower level, the angle for maximum range is less
than 45°.

Finally, the range given here applies only to the ideal case of no air resistance.
In cases where air resistance is significant, as in the flight of a rapidly moving golf
ball, for example, the overall range of the ball is reduced. In addition, the maxi-
mum range occurs for a launch angle less than 45° (Figure 4–9). The reason is that
with a smaller launch angle the golf ball is in the air for less time, giving air resis-
tance less time to affect its flight.

Symmetry in Projectile Motion
There are many striking symmetries in projectile motion, beginning with the
graceful symmetry of the parabola itself. As a first example, recall that earlier in
this section, in Equation 4–11, we found the time when a projectile lands:

Now, by symmetry, the time it takes a projectile to reach its highest point (in the ab-
sence of air resistance) should be just half this time. After all, the projectile moves
in the x direction with constant speed, and the highest point—by symmetry—
occurs at

This all seems reasonable, but is there another way to check? Well, at the high-
est point the projectile is moving horizontally, thus its y component of velocity is
zero. Let’s find the time when and compare with the time to land:

4–14

As expected from symmetry, the time at the highest point is one-half the time
at landing.

There is another interesting symmetry concerning speed. Recall that when
a projectile is launched its y component of velocity is When thevy = v0 sin u.

t = av0

g
b  sin u

vy = v0y - gt = v0 sin u - gt = 0

vy = 0

x = 1
2 R.

t = a2v0

g
b  sin u

v0 

2.

Rmax =
v0 

2

g

u = 45°sin 90° = 1,sin 2u = 1.
sin 2usin 2u;

REAL-WORLD PHYSICS
Golf on the Moon
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Height and initial speed conceptual question
Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown.
List the projectiles in order of increasing time of flight.

100 CHAPTER 4 TWO-DIMENSIONAL KINEMATICS

positive y axis points vertically upward. What was the projec-
tile’s launch angle with respect to the x axis if, at its highest
point, its direction of motion has rotated (a) clockwise through
50° or (b) counterclockwise through 30°? Explain.

Conceptual Exercises
(Answers to odd-numbered Conceptual Exercises can be found in the back of the book.)

1. As you walk briskly down the street, you toss a small ball into
the air. If you want the ball to land in your hand when it comes
back down, should you toss the ball (a) straight upward rela-
tive to yourself, (b) in a forward direction, or (c) in a backward
direction? Explain.

2. A certain projectile is launched with an initial speed At its
highest point its speed is Was the launch angle of
the projectile (a) 30°, (b) 45°, or (c) 60°?

3. Two divers run horizontally off the edge of a low cliff. Diver 2
runs with twice the speed of diver 1. When the divers hit
the water, is the horizontal distance covered by diver 2 (a) the
same as, (b) twice as much as, or (c) four times the horizontal
distance covered by diver 1?

4. Two youngsters dive off an overhang into a lake. Diver 1 drops
straight down, diver 2 runs off the cliff with an initial horizon-
tal speed Is the splashdown speed of diver 2 (a) greater than,
(b) less than, or (c) equal to the splashdown speed of diver 1?

5. Three projectiles (A, B, and C) are launched with the same initial
speed but with different launch angles, as shown in Figure 4–12.
List the projectiles in order of increasing (a) horizontal compo-
nent of initial velocity and (b) time of flight. Indicate a tie with an
equal sign.
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6. Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown
in Figure 4–13. List the projectiles in order of increasing (a) ini-
tial speed and (b) time of flight. Indicate a tie with an equal sign.

7. The penguin to the left in the accompanying photo is about to
land an ice floe. Just before it lands, is its speed (a) greater than,
(b) less than, or (c) the same as when it left the water? Explain.

11. Child 1 throws a snowball horizontally from the top of a roof;
child 2 throws a snowball straight down. Once in flight, is the
acceleration of snowball 2 (a) greater than, (b) equal to, or (c)
less than the acceleration of snowball 1?
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This penguin behaves much like a projectile from the time
it leaves the water until it touches down on the ice. 
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the truck. Will the tomato hit your car or land on the road,
assuming you continue moving with the same speed and direc-
tion? Explain.

11. A projectile is launched from the origin of a coordinate system
where the positive x axis points horizontally to the right and the

8. A person flips a coin into the air and it lands on the ground a
few feet away. If the person were to perform an identical coin
flip on an elevator rising with constant speed, would the coin’s
time of flight be (a) greater than, (b) less than, or (c) the same as
when the person was at rest?

9. Suppose the elevator in the previous Exercise is rising with con-
stant acceleration, rather than constant velocity. In this case,
would the coin’s time of flight be (a) greater than, (b) less than,
or (c) the same as when the person was at rest?

10. You throw a ball into the air with an initial speed of 10 m/s at
an angle of 60° above the horizontal. The ball returns to the
level from which it was thrown in the time T. Referring to
Figure 4-14, which of the plots (1, 2, or 3) best represents the
speed of the ball as a function of time? What is wrong with the
other two plots?
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(A) A, B, C

(B) C, B, A

(C) B, C, A

(D) all the same
1Walker, “Physics”, page 106, prob 28.



Height and initial speed conceptual question
Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown.
List the projectiles in order of increasing time of flight.
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positive y axis points vertically upward. What was the projec-
tile’s launch angle with respect to the x axis if, at its highest
point, its direction of motion has rotated (a) clockwise through
50° or (b) counterclockwise through 30°? Explain.
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tive to yourself, (b) in a forward direction, or (c) in a backward
direction? Explain.
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highest point its speed is Was the launch angle of
the projectile (a) 30°, (b) 45°, or (c) 60°?

3. Two divers run horizontally off the edge of a low cliff. Diver 2
runs with twice the speed of diver 1. When the divers hit
the water, is the horizontal distance covered by diver 2 (a) the
same as, (b) twice as much as, or (c) four times the horizontal
distance covered by diver 1?

4. Two youngsters dive off an overhang into a lake. Diver 1 drops
straight down, diver 2 runs off the cliff with an initial horizon-
tal speed Is the splashdown speed of diver 2 (a) greater than,
(b) less than, or (c) equal to the splashdown speed of diver 1?

5. Three projectiles (A, B, and C) are launched with the same initial
speed but with different launch angles, as shown in Figure 4–12.
List the projectiles in order of increasing (a) horizontal compo-
nent of initial velocity and (b) time of flight. Indicate a tie with an
equal sign.
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6. Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown
in Figure 4–13. List the projectiles in order of increasing (a) ini-
tial speed and (b) time of flight. Indicate a tie with an equal sign.

7. The penguin to the left in the accompanying photo is about to
land an ice floe. Just before it lands, is its speed (a) greater than,
(b) less than, or (c) the same as when it left the water? Explain.

11. Child 1 throws a snowball horizontally from the top of a roof;
child 2 throws a snowball straight down. Once in flight, is the
acceleration of snowball 2 (a) greater than, (b) equal to, or (c)
less than the acceleration of snowball 1?
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the truck. Will the tomato hit your car or land on the road,
assuming you continue moving with the same speed and direc-
tion? Explain.

11. A projectile is launched from the origin of a coordinate system
where the positive x axis points horizontally to the right and the

8. A person flips a coin into the air and it lands on the ground a
few feet away. If the person were to perform an identical coin
flip on an elevator rising with constant speed, would the coin’s
time of flight be (a) greater than, (b) less than, or (c) the same as
when the person was at rest?

9. Suppose the elevator in the previous Exercise is rising with con-
stant acceleration, rather than constant velocity. In this case,
would the coin’s time of flight be (a) greater than, (b) less than,
or (c) the same as when the person was at rest?

10. You throw a ball into the air with an initial speed of 10 m/s at
an angle of 60° above the horizontal. The ball returns to the
level from which it was thrown in the time T. Referring to
Figure 4-14, which of the plots (1, 2, or 3) best represents the
speed of the ball as a function of time? What is wrong with the
other two plots?
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Height and initial speed conceptual question
Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown.
List the projectiles in order of increasing initial speed.
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positive y axis points vertically upward. What was the projec-
tile’s launch angle with respect to the x axis if, at its highest
point, its direction of motion has rotated (a) clockwise through
50° or (b) counterclockwise through 30°? Explain.
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(Answers to odd-numbered Conceptual Exercises can be found in the back of the book.)

1. As you walk briskly down the street, you toss a small ball into
the air. If you want the ball to land in your hand when it comes
back down, should you toss the ball (a) straight upward rela-
tive to yourself, (b) in a forward direction, or (c) in a backward
direction? Explain.

2. A certain projectile is launched with an initial speed At its
highest point its speed is Was the launch angle of
the projectile (a) 30°, (b) 45°, or (c) 60°?

3. Two divers run horizontally off the edge of a low cliff. Diver 2
runs with twice the speed of diver 1. When the divers hit
the water, is the horizontal distance covered by diver 2 (a) the
same as, (b) twice as much as, or (c) four times the horizontal
distance covered by diver 1?

4. Two youngsters dive off an overhang into a lake. Diver 1 drops
straight down, diver 2 runs off the cliff with an initial horizon-
tal speed Is the splashdown speed of diver 2 (a) greater than,
(b) less than, or (c) equal to the splashdown speed of diver 1?

5. Three projectiles (A, B, and C) are launched with the same initial
speed but with different launch angles, as shown in Figure 4–12.
List the projectiles in order of increasing (a) horizontal compo-
nent of initial velocity and (b) time of flight. Indicate a tie with an
equal sign.
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6. Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown
in Figure 4–13. List the projectiles in order of increasing (a) ini-
tial speed and (b) time of flight. Indicate a tie with an equal sign.

7. The penguin to the left in the accompanying photo is about to
land an ice floe. Just before it lands, is its speed (a) greater than,
(b) less than, or (c) the same as when it left the water? Explain.

11. Child 1 throws a snowball horizontally from the top of a roof;
child 2 throws a snowball straight down. Once in flight, is the
acceleration of snowball 2 (a) greater than, (b) equal to, or (c)
less than the acceleration of snowball 1?
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This penguin behaves much like a projectile from the time
it leaves the water until it touches down on the ice. 
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the truck. Will the tomato hit your car or land on the road,
assuming you continue moving with the same speed and direc-
tion? Explain.

11. A projectile is launched from the origin of a coordinate system
where the positive x axis points horizontally to the right and the

8. A person flips a coin into the air and it lands on the ground a
few feet away. If the person were to perform an identical coin
flip on an elevator rising with constant speed, would the coin’s
time of flight be (a) greater than, (b) less than, or (c) the same as
when the person was at rest?

9. Suppose the elevator in the previous Exercise is rising with con-
stant acceleration, rather than constant velocity. In this case,
would the coin’s time of flight be (a) greater than, (b) less than,
or (c) the same as when the person was at rest?

10. You throw a ball into the air with an initial speed of 10 m/s at
an angle of 60° above the horizontal. The ball returns to the
level from which it was thrown in the time T. Referring to
Figure 4-14, which of the plots (1, 2, or 3) best represents the
speed of the ball as a function of time? What is wrong with the
other two plots?
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(D) all the same
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Height and initial speed conceptual question
Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown.
List the projectiles in order of increasing initial speed.
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positive y axis points vertically upward. What was the projec-
tile’s launch angle with respect to the x axis if, at its highest
point, its direction of motion has rotated (a) clockwise through
50° or (b) counterclockwise through 30°? Explain.

Conceptual Exercises
(Answers to odd-numbered Conceptual Exercises can be found in the back of the book.)

1. As you walk briskly down the street, you toss a small ball into
the air. If you want the ball to land in your hand when it comes
back down, should you toss the ball (a) straight upward rela-
tive to yourself, (b) in a forward direction, or (c) in a backward
direction? Explain.

2. A certain projectile is launched with an initial speed At its
highest point its speed is Was the launch angle of
the projectile (a) 30°, (b) 45°, or (c) 60°?

3. Two divers run horizontally off the edge of a low cliff. Diver 2
runs with twice the speed of diver 1. When the divers hit
the water, is the horizontal distance covered by diver 2 (a) the
same as, (b) twice as much as, or (c) four times the horizontal
distance covered by diver 1?

4. Two youngsters dive off an overhang into a lake. Diver 1 drops
straight down, diver 2 runs off the cliff with an initial horizon-
tal speed Is the splashdown speed of diver 2 (a) greater than,
(b) less than, or (c) equal to the splashdown speed of diver 1?

5. Three projectiles (A, B, and C) are launched with the same initial
speed but with different launch angles, as shown in Figure 4–12.
List the projectiles in order of increasing (a) horizontal compo-
nent of initial velocity and (b) time of flight. Indicate a tie with an
equal sign.
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6. Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown
in Figure 4–13. List the projectiles in order of increasing (a) ini-
tial speed and (b) time of flight. Indicate a tie with an equal sign.

7. The penguin to the left in the accompanying photo is about to
land an ice floe. Just before it lands, is its speed (a) greater than,
(b) less than, or (c) the same as when it left the water? Explain.

11. Child 1 throws a snowball horizontally from the top of a roof;
child 2 throws a snowball straight down. Once in flight, is the
acceleration of snowball 2 (a) greater than, (b) equal to, or (c)
less than the acceleration of snowball 1?
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This penguin behaves much like a projectile from the time
it leaves the water until it touches down on the ice. 

(Conceptual Exercise 7)

Sp
ee

d 
(m

/s
)

15

10

5

0

1

2

3

TT

Time

1
2

▲ FIGURE 4–14 Conceptual Exercise 10

the truck. Will the tomato hit your car or land on the road,
assuming you continue moving with the same speed and direc-
tion? Explain.

11. A projectile is launched from the origin of a coordinate system
where the positive x axis points horizontally to the right and the

8. A person flips a coin into the air and it lands on the ground a
few feet away. If the person were to perform an identical coin
flip on an elevator rising with constant speed, would the coin’s
time of flight be (a) greater than, (b) less than, or (c) the same as
when the person was at rest?

9. Suppose the elevator in the previous Exercise is rising with con-
stant acceleration, rather than constant velocity. In this case,
would the coin’s time of flight be (a) greater than, (b) less than,
or (c) the same as when the person was at rest?

10. You throw a ball into the air with an initial speed of 10 m/s at
an angle of 60° above the horizontal. The ball returns to the
level from which it was thrown in the time T. Referring to
Figure 4-14, which of the plots (1, 2, or 3) best represents the
speed of the ball as a function of time? What is wrong with the
other two plots?
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Summary

• projectile motion

Homework
• Ch 4 Ques: 5, 7; Probs: 21, 23, 25, 27, 29, 35.


