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Last time

• rotational kinematics

• introduced torque



Overview

• torque

• net torque

• static equilibrium



Torque

Torque is a measure of force-causing-rotation.

It is not a force, but it is related. It depends on a force vector and
its point of application relative to an axis of rotation.

Torque is given by:

τ = r × F

That is: the cross product between

• a vector r, the displacement of the point of application of the
force from the axis of rotation, and

• an the force vector F

Units: N m Newton-meters. These are not Joules!



Torque

300 Chapter 10 Rotation of a Rigid Object About a Fixed Axis

(C) What is the angular acceleration of the compact disc over the 4 473-s time interval?

Categorize  We again model the disc as a rigid object under constant angular acceleration. In this case, Equation 10.6 gives 
the value of the constant angular acceleration. Another approach is to use Equation 10.4 to find the average angular 
acceleration. In this case, we are not assuming the angular acceleration is constant. The answer is the same from both 
equations; only the interpretation of the result is different.

S O L U T I O N

Analyze  Use Equation 10.6 to find the angular 
acceleration: a 5

vf 2 vi

t
5

22 rad/s 2 57 rad/s
4 473 s

5 27.6 3 1023 rad/s2

Finalize  The disc experiences a very gradual decrease in its rotation rate, as expected from the long time interval 
required for the angular speed to change from the initial value to the final value. In reality, the angular acceleration of 
the disc is not constant. Problem 90 allows you to explore the actual time behavior of the angular acceleration.

Do the same for the outer track: vf 5
v
rf

5
1.3 m/s

5.8 3 1022 m
5 22 rad/s 5 2.1 3 102 rev/min

Use Equation 10.9 to find the angular displacement of 
the disc at t 5 4 473 s:

Du 5 uf 2 ui 5 1
2 1vi 1 vf 2 t 

5 1
2 157 rad/s 1 22 rad/s 2 14 473 s 2 5 1.8 3 105 rad

The CD player adjusts the angular speed v of the disc within this range so that information moves past the objective 
lens at a constant rate.

(B)  The maximum playing time of a standard music disc is 74 min and 33 s. How many revolutions does the disc 
make during that time?

Categorize  From part (A), the angular speed decreases as the disc plays. Let us assume it decreases steadily, with a 
constant. We can then apply the rigid object under constant angular acceleration model to the disc.

Analyze  If t 5 0 is the instant the disc begins rotating, with angular speed of 57 rad/s, the final value of the time t is 
(74 min)(60 s/min) 1 33 s 5 4 473 s. We are looking for the angular displacement Du during this time interval.

Convert this angular displacement to revolutions: Du 5 11.8 3 105 rad 2 a 1 rev
2p rad

b 5 2.8 3 104 rev

 

▸ 10.2 c o n t i n u e d

10.4 Torque
In our study of translational motion, after investigating the description of motion, 
we studied the cause of changes in motion: force. We follow the same plan here: 
What is the cause of changes in rotational motion? 
 Imagine trying to rotate a door by applying a force of magnitude F perpendic-
ular to the door surface near the hinges and then at various distances from the 
hinges. You will achieve a more rapid rate of rotation for the door by applying the 
force near the doorknob than by applying it near the hinges.
 When a force is exerted on a rigid object pivoted about an axis, the object tends 
to rotate about that axis. The tendency of a force to rotate an object about some 
axis is measured by a quantity called torque tS(Greek letter tau). Torque is a vector, 
but we will consider only its magnitude here; we will explore its vector nature in 
Chapter 11.
 Consider the wrench in Figure 10.7 that we wish to rotate around an axis that is 
perpendicular to the page and passes through the center of the bolt. The applied 

r

F sin f

 F cos f

d

O

Line of
action

f

The component F sin f 
tends to rotate the wrench 
about an axis through O.

f

F
S

rS

Figure 10.7  The force F
S

 has a 
greater rotating tendency about an 
axis through O as F increases and 
as the moment arm d increases.

S O L U T I O N

τ = r × F = rF sinφ n̂

where φ is the angle between r and F, and n̂ is the unit vector
perpendicular to r and F, as determined by the right-hand rule.



Torque

Diagram also illustrates two points of view about torque:
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tends to rotate the wrench 
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Figure 10.7  The force F
S

 has a 
greater rotating tendency about an 
axis through O as F increases and 
as the moment arm d increases.

S O L U T I O N

τ = r(F sinφ) n̂

or
τ = F (r sinφ) n̂ = Fd n̂

In the diagram, the distance d = r sinφ and is called the “moment
arm” or “lever arm” of the torque.
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268 Chapter 9 Linear Momentum and Collisions

is applied at the center of mass, the system moves in the direction of the force with-
out rotating (see Fig. 9.13c). The center of mass of an object can be located with 
this procedure.
 The center of mass of the pair of particles described in Figure 9.14 is located on 
the x axis and lies somewhere between the particles. Its x coordinate is given by

 xCM ;
m1x1 1 m2x2

m1 1 m2
 (9.28)

For example, if x1 5 0, x2 5 d, and m2 5 2m1, we find that xCM 5 2
3d. That is, the 

center of mass lies closer to the more massive particle. If the two masses are equal, 
the center of mass lies midway between the particles.
 We can extend this concept to a system of many particles with masses mi in three 
dimensions. The x coordinate of the center of mass of n particles is defined to be

 xCM ;
m1x1 1 m2x2 1 m3x3 1 c1 mnxn

m1 1 m2 1 m3 1 c1 mn
5

a
i

mixi

a
i

mi

5
a

i
mixi

M
5

1
M a

i
mixi 

  (9.29)

where xi is the x coordinate of the ith particle and the total mass is M ; oi mi where 
the sum runs over all n particles. The y and z coordinates of the center of mass are 
similarly defined by the equations

 yCM ;
1
M a

i
miyi and zCM ;

1
M a

i
mizi (9.30)

 The center of mass can be located in three dimensions by its position vector rSCM. 
The components of this vector are xCM, yCM, and zCM, defined in Equations 9.29 and 
9.30. Therefore,

 rSCM 5 xCM î 1 yCM  ĵ 1 zCM k̂ 5
1
M a

i
mixi î 1

1
M a

i
miyi  ĵ 1

1
M a

i
mizi k̂

 rSCM ;
1
M a

i
mi r

S
i (9.31)

where rSi is the position vector of the ith particle, defined by

rSi ; xi î 1 yi  ĵ 1 zi k̂

 Although locating the center of mass for an extended, continuous object is some-
what more cumbersome than locating the center of mass of a small number of par-
ticles, the basic ideas we have discussed still apply. Think of an extended object as a 
system containing a large number of small mass elements such as the cube in Figure 
9.15. Because the separation between elements is very small, the object can be con-
sidered to have a continuous mass distribution. By dividing the object into elements 
of mass Dmi with coordinates xi, yi, zi, we see that the x coordinate of the center of 
mass is approximately

xCM <
1
M

 a
i

xi Dmi

with similar expressions for yCM and zCM. If we let the number of elements n 
approach infinity, the size of each element approaches zero and xCM is given pre-
cisely. In this limit, we replace the sum by an integral and Dmi by the differential 
element dm:

 xCM 5 lim
Dmi S 0

 
1
M

 a
i

xi Dmi 5
1
M

 3  x dm (9.32)

Likewise, for yCM and zCM we obtain

 yCM 5
1
M

 3  y dm and zCM 5
1
M

 3  z dm (9.33)

CM

CM

CM

a

b

c

The system rotates clockwise 
when a force is applied 
above the center of mass. 

The system rotates counter-
clockwise when a force is applied 
below the center of mass. 

The system moves in the 
direction of the force without 
rotating when a force is applied 
at the center of mass.

Figure 9.13 A force is applied 
to a system of two particles of 
unequal mass connected by a 
light, rigid rod.

Figure 9.14 The center of mass 
of two particles of unequal mass 
on the x axis is located at xCM, a 
point between the particles, closer 
to the one having the larger mass.

y

m1

x1

x 2

CM

m 2

x

x CM
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is applied at the center of mass, the system moves in the direction of the force with-
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where xi is the x coordinate of the ith particle and the total mass is M ; oi mi where 
the sum runs over all n particles. The y and z coordinates of the center of mass are 
similarly defined by the equations
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The components of this vector are xCM, yCM, and zCM, defined in Equations 9.29 and 
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 rSCM 5 xCM î 1 yCM  ĵ 1 zCM k̂ 5
1
M a

i
mixi î 1
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where rSi is the position vector of the ith particle, defined by

rSi ; xi î 1 yi  ĵ 1 zi k̂

 Although locating the center of mass for an extended, continuous object is some-
what more cumbersome than locating the center of mass of a small number of par-
ticles, the basic ideas we have discussed still apply. Think of an extended object as a 
system containing a large number of small mass elements such as the cube in Figure 
9.15. Because the separation between elements is very small, the object can be con-
sidered to have a continuous mass distribution. By dividing the object into elements 
of mass Dmi with coordinates xi, yi, zi, we see that the x coordinate of the center of 
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xCM <
1
M

 a
i

xi Dmi

with similar expressions for yCM and zCM. If we let the number of elements n 
approach infinity, the size of each element approaches zero and xCM is given pre-
cisely. In this limit, we replace the sum by an integral and Dmi by the differential 
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 xCM 5 lim
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1
M

 a
i

xi Dmi 5
1
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 3  x dm (9.32)

Likewise, for yCM and zCM we obtain

 yCM 5
1
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is applied at the center of mass, the system moves in the direction of the force with-
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 The center of mass of the pair of particles described in Figure 9.14 is located on 
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where xi is the x coordinate of the ith particle and the total mass is M ; oi mi where 
the sum runs over all n particles. The y and z coordinates of the center of mass are 
similarly defined by the equations
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where rSi is the position vector of the ith particle, defined by
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Question

A torque is supplied by applying a force at point A. To produce the
same torque, the force applied at point B must be:

(A) greater

(B) less

(C) the same
1Image from Harbor Freight Tools, www.harborfreight.com

B

A
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Net Torque

Object that can rotate about an axis at O:

 10.4 Torque 301

Pitfall Prevention 10.4
Torque Depends on Your Choice  
of Axis There is no unique value 
of the torque on an object. Its 
value depends on your choice of 
rotation axis.

O

d2

d1

F2
S

F1
S

Figure 10.8 The force F
S

 1 tends 
to rotate the object counterclock-
wise about an axis through O, and 
F
S

 2 tends to rotate it clockwise.

force F
S

 acts at an angle f to the horizontal. We define the magnitude of the torque 
associated with the force F

S
 around the axis passing through O by the expression

 t ; rF sin f 5 Fd (10.14)

where r is the distance between the rotation axis and the point of application of F
S

, 
and d is the perpendicular distance from the rotation axis to the line of action of 
F
S

. (The line of action of a force is an imaginary line extending out both ends of the 
vector representing the force. The dashed line extending from the tail of F

S
 in Fig. 

10.7 is part of the line of action of F
S

.) From the right triangle in Figure 10.7 that 
has the wrench as its hypotenuse, we see that d 5 r sin f. The quantity d is called 
the moment arm (or lever arm) of F

S
.

 In Figure 10.7, the only component of F
S

 that tends to cause rotation of the 
wrench around an axis through O is F sin f, the component perpendicular to a 
line drawn from the rotation axis to the point of application of the force. The hori-
zontal component F cos f, because its line of action passes through O, has no ten-
dency to produce rotation about an axis passing through O. From the definition 
of torque, the rotating tendency increases as F increases and as d increases, which 
explains why it is easier to rotate a door if we push at the doorknob rather than at a 
point close to the hinges. We also want to apply our push as closely perpendicular 
to the door as we can so that f is close to 908. Pushing sideways on the doorknob 
(f 5 0) will not cause the door to rotate.
 If two or more forces act on a rigid object as in Figure 10.8, each tends to pro-
duce rotation about the axis through O. In this example, F

S
2 tends to rotate the 

object clockwise and F
S

1 tends to rotate it counterclockwise. We use the convention 
that the sign of the torque resulting from a force is positive if the turning tendency 
of the force is counterclockwise and negative if the turning tendency is clockwise. 
For Example, in Figure 10.8, the torque resulting from F

S
1, which has a moment arm 

d1, is positive and equal to 1F1d1; the torque from F
S

2 is negative and equal to 2F2d2. 
Hence, the net torque about an axis through O is

o t 5 t1 1 t2 5 F1d1 2 F2d2

 Torque should not be confused with force. Forces can cause a change in transla-
tional motion as described by Newton’s second law. Forces can also cause a change 
in rotational motion, but the effectiveness of the forces in causing this change 
depends on both the magnitudes of the forces and the moment arms of the forces, 
in the combination we call torque. Torque has units of force times length—newton 
meters (N ? m) in SI units—and should be reported in these units. Do not confuse 
torque and work, which have the same units but are very different concepts.

Q uick Quiz 10.4 (i) If you are trying to loosen a stubborn screw from a piece of 
wood with a screwdriver and fail, should you find a screwdriver for which the 
handle is (a) longer or (b) fatter? (ii) If you are trying to loosen a stubborn 
bolt from a piece of metal with a wrench and fail, should you find a wrench for 
which the handle is (a) longer or (b) fatter?

�W Moment arm

Example 10.3   The Net Torque on a Cylinder

A one-piece cylinder is shaped as shown in Figure 10.9, with a core section protrud-
ing from the larger drum. The cylinder is free to rotate about the central z axis 
shown in the drawing. A rope wrapped around the drum, which has radius R1, 
exerts a force T

S
1 to the right on the cylinder. A rope wrapped around the core, 

which has radius R2, exerts a force T
S

2 downward on the cylinder.

(A)  What is the net torque acting on the cylinder about the rotation axis (which is 
the z axis in Fig. 10.9)?

z

x

y

R 1

R 2

O

T1
S

T2
S

Figure 10.9  (Example 10.3) A 
solid cylinder pivoted about the z axis 
through O. The moment arm of T

S
1 is 

R1, and the moment arm of T
S

2 is R2.continued

There are two forces acting, but the two torques produced, τ1 and
τ2 point in opposite directions.

τ1 would produce a counterclockwise rotation
τ2 would produce a clockwise rotation
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wood with a screwdriver and fail, should you find a screwdriver for which the 
handle is (a) longer or (b) fatter? (ii) If you are trying to loosen a stubborn 
bolt from a piece of metal with a wrench and fail, should you find a wrench for 
which the handle is (a) longer or (b) fatter?
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Example 10.3   The Net Torque on a Cylinder

A one-piece cylinder is shaped as shown in Figure 10.9, with a core section protrud-
ing from the larger drum. The cylinder is free to rotate about the central z axis 
shown in the drawing. A rope wrapped around the drum, which has radius R1, 
exerts a force T

S
1 to the right on the cylinder. A rope wrapped around the core, 

which has radius R2, exerts a force T
S

2 downward on the cylinder.

(A)  What is the net torque acting on the cylinder about the rotation axis (which is 
the z axis in Fig. 10.9)?
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Figure 10.9  (Example 10.3) A 
solid cylinder pivoted about the z axis 
through O. The moment arm of T
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R1, and the moment arm of T
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2 is R2.continued

The net torque is the sum of the torques acting on the object:

τnet =
∑
i

τi

In this case, with n̂ pointing out of the slide:

τnet = τ1 + τ2 = (F1d1 − F2d2)n̂



Example - Net Torque on a Cylinder
A one-piece cylinder is shaped as shown, with a core section
protruding from the larger drum. The cylinder is free to rotate
about the central z axis shown in the drawing. A rope wrapped
around the drum, which has radius R1, exerts a force T1 to the
right on the cylinder. A rope wrapped around the core, which has
radius R2, exerts a force T2 downward on the cylinder.

What is the net torque acting on the cylinder about the rotation
axis (which is the z axis)?
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of Axis There is no unique value 
of the torque on an object. Its 
value depends on your choice of 
rotation axis.
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Figure 10.8 The force F
S

 1 tends 
to rotate the object counterclock-
wise about an axis through O, and 
F
S

 2 tends to rotate it clockwise.

force F
S

 acts at an angle f to the horizontal. We define the magnitude of the torque 
associated with the force F

S
 around the axis passing through O by the expression

 t ; rF sin f 5 Fd (10.14)

where r is the distance between the rotation axis and the point of application of F
S

, 
and d is the perpendicular distance from the rotation axis to the line of action of 
F
S

. (The line of action of a force is an imaginary line extending out both ends of the 
vector representing the force. The dashed line extending from the tail of F

S
 in Fig. 

10.7 is part of the line of action of F
S

.) From the right triangle in Figure 10.7 that 
has the wrench as its hypotenuse, we see that d 5 r sin f. The quantity d is called 
the moment arm (or lever arm) of F

S
.

 In Figure 10.7, the only component of F
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 that tends to cause rotation of the 
wrench around an axis through O is F sin f, the component perpendicular to a 
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zontal component F cos f, because its line of action passes through O, has no ten-
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explains why it is easier to rotate a door if we push at the doorknob rather than at a 
point close to the hinges. We also want to apply our push as closely perpendicular 
to the door as we can so that f is close to 908. Pushing sideways on the doorknob 
(f 5 0) will not cause the door to rotate.
 If two or more forces act on a rigid object as in Figure 10.8, each tends to pro-
duce rotation about the axis through O. In this example, F
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2 tends to rotate the 

object clockwise and F
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1 tends to rotate it counterclockwise. We use the convention 
that the sign of the torque resulting from a force is positive if the turning tendency 
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For Example, in Figure 10.8, the torque resulting from F
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1, which has a moment arm 

d1, is positive and equal to 1F1d1; the torque from F
S

2 is negative and equal to 2F2d2. 
Hence, the net torque about an axis through O is
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 Torque should not be confused with force. Forces can cause a change in transla-
tional motion as described by Newton’s second law. Forces can also cause a change 
in rotational motion, but the effectiveness of the forces in causing this change 
depends on both the magnitudes of the forces and the moment arms of the forces, 
in the combination we call torque. Torque has units of force times length—newton 
meters (N ? m) in SI units—and should be reported in these units. Do not confuse 
torque and work, which have the same units but are very different concepts.
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Figure 10.9  (Example 10.3) A 
solid cylinder pivoted about the z axis 
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First: Find an expression for the net torque acting on the cylinder
about the rotation axis.

Second: Let T1 = 5.0 N, R1 = 1.0 m, T2 = 15 N, and
R2 = 0.50 m. What is the net torque? Which way is the rotation?
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Example 10.3   The Net Torque on a Cylinder

A one-piece cylinder is shaped as shown in Figure 10.9, with a core section protrud-
ing from the larger drum. The cylinder is free to rotate about the central z axis 
shown in the drawing. A rope wrapped around the drum, which has radius R1, 
exerts a force T

S
1 to the right on the cylinder. A rope wrapped around the core, 

which has radius R2, exerts a force T
S

2 downward on the cylinder.

(A)  What is the net torque acting on the cylinder about the rotation axis (which is 
the z axis in Fig. 10.9)?
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Figure 10.9  (Example 10.3) A 
solid cylinder pivoted about the z axis 
through O. The moment arm of T

S
1 is 

R1, and the moment arm of T
S

2 is R2.continued
First: Find an expression for the net torque acting on the cylinder
about the rotation axis.

τnet = (T2R2 − T1R1)k

Second: Let T1 = 5.0 N, R1 = 1.0 m, T2 = 15 N, and
R2 = 0.50 m. What is the net torque? Which way is the rotation?

2.5 Nm counterclockwise, or 2.5 Nm k



Static Equilibrium: System in Equilibrium (Ch 12)

Knowing that an object is in equilibrium can give a lot of
information about the forces on the object.

Previously: a point-like system was in equilibrium if the net force
was zero.

equilibrium ⇐⇒ constant velocity or at rest

Also, acceleration is zero.



Static Equilibrium: Extended System in Equilibrium

Now we consider extended rigid objects.

Forces can cause rotations (torques).

Force Equilibrium

Fnet =
∑
i

Fi = 0

Rotational Equilibrium

τnet,O =
∑
i

τi = 0

about any axis O.
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Now we consider extended rigid objects.

Forces can cause rotations (torques).

Force Equilibrium

Fnet =
∑
i

Fi = 0

Rotational Equilibrium

τnet,O =
∑
i

τi = 0

about any axis O.



Static Equilibrium: Extended System in Equilibrium

Rigid Object in Equilibrium

A rigid object is said to be in equilibrium if
Fnet =

∑
i Fi = 0 and

τnet,O =
∑

i τi ,O = 0 about any axis O.

equilibrium ⇐⇒ v = const. and ω = const.

⇒ a = 0 and α = 0



Static Equilibrium

Static Equilibrium is the special case that the object is also at rest:

vCM = 0

ω = 0



Example

#1, page 379

 4. Consider the following distribution of objects: a  
5.00-kg object with its center of gravity at (0, 0) m, a  
3.00-kg object at (0,  4.00) m, and a 4.00-kg object 
at (3.00, 0) m. Where should a fourth object of mass  
8.00 kg be placed so that the center of gravity of the 
four-object arrangement will be at (0, 0)?

 5. Pat builds a track for his model car out of solid wood 
as shown in Figure P12.5. The track is 5.00 cm wide,  
1.00 m high, and 3.00 m long. The runway is cut so that 
it forms a parabola with the equation y 5 (x 2 3)2/9. 
Locate the horizontal coordinate of the center of grav-
ity of this track.

y

3.00 m 
5.00 cm

x

y ! 
(x " 3)2

9

1.00 m

Figure P12.5

 6. A circular pizza of radius R has a circular piece of 
radius R/2 removed from one side as shown in Fig-
ure P12.6. The center of gravity has moved from C to 
C9 along the x axis. Show that the distance from C to C9 
is R/6. Assume the thickness and density of the pizza 
are uniform throughout.

C C#

Figure P12.6

 7. Figure P12.7 on page 380 shows three uniform objects: a 
rod with m1 5 6.00 kg, a right triangle with m2 5 3.00 kg,  
and a square with m3 5 5.00 kg. Their coordinates in 
meters are given. Determine the center of gravity for 
the three-object system.

M

S

Section 12.1  Analysis Model: Rigid Object in Equilibrium
 1. What are the necessary condi-

tions for equilibrium of the 
object shown in Figure P12.1? 
Calculate torques about an 
axis through point O.

 2. Why is the following situation 
impossible? A uniform beam of 
mass mb 5 3.00 kg and length 
,  5 1.00 m supports blocks 
with masses m1 5 5.00 kg and 
m2 5 15.0 kg at two positions 
as shown in Figure P12.2. The beam rests on two trian-
gular blocks, with point P a distance d 5 0.300 m to the 
right of the center of gravity of the beam. The position of 
the object of mass m2 is adjusted along the length of the 
beam until the normal force on the beam at O is zero.

d

P

x

O

!
2

!

CG

m1
m2

Figure P12.2

Section 12.2  More on the Center of Gravity

Problems 45, 48, 49, and 92 in Chapter 9 can also be 
assigned with this section.

 3. A carpenter’s square has the shape of an L as shown in 
Figure P12.3. Locate its center of gravity.
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The problems found in this  

 chapter may be assigned 
online in Enhanced WebAssign

1.  straightforward; 2. intermediate;  
3. challenging

1.   full solution available in the Student 
Solutions Manual/Study Guide

AMT   Analysis Model tutorial available in 
Enhanced WebAssign

 GP  Guided Problem

 M   Master It tutorial available in Enhanced 
WebAssign

 W   Watch It video solution available in 
Enhanced WebAssign
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Example

Conditions for equilibrium?

∑
Fx = 0⇒ Fx = Rx

∑
Fy = 0⇒ Fy + Ry = Fg

Torques about axis through O?∑
i

τi = τFy − τFx − τMg

= Fy ` sin(90 − θ) − Fx` sin θ−Mg
`

2
sin(90 + θ)

0 = Fy ` cos θ− Fx` sin θ−Mg
`

2
cos θ
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Summary

• torque

• net torque

• static equilibrium

2nd Test tomorrow (finally).

Homework
• Ch 10 Probs: 45, 47

• Ch 12 Ques: 1, 3; Probs: 3, 17, 19, 23, 28, 37


