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Last time

• net torque

• Newton’s second law for rotation

• moments of inertia



Overview

• calculating moments of inertia

• the parallel axis theorem

• applications of moments of inertia



Rotational Version of Newton’s Second Law

Compare!
#»τ net = I #»α

#»

Fnet = m #»a

Now the moment of inertia, I, stands in for the inertial mass, m.

The moment of inertia measures the rotational inertia of an object
(how hard is it to rotate an object?), just as mass is a measure of
inertia.
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Moment of Inertia

And we sum over these torques to get the net torque. So, for a
collection of particles, masses mi at radiuses ri :

I =
∑
i

mi r
2
i

For a continuous distribution of mass, we must integrate over each
small mass ∆m:

I =

∫
r2 dm



Calculating Moment of Inertia of a Uniform Rod
(Example 10.7)

Moment of inertia of a uniform thin rod of length L and mass M
about an axis perpendicular to the rod (the y ′ axis) and passing
through its center of mass.
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and take the limit of this sum as Dmi S 0. In this limit, the sum becomes an inte-
gral over the volume of the object:

 I 5 lim
Dmi S 0

 a
i

ri
2  Dmi 5 3r 2 dm (10.20)

 It is usually easier to calculate moments of inertia in terms of the volume of 
the elements rather than their mass, and we can easily make that change by using 
Equation 1.1, r ; m/V, where r is the density of the object and V is its volume. From 
this equation, the mass of a small element is dm 5 r dV. Substituting this result into 
Equation 10.20 gives

 I 5 3rr 2 dV  (10.21)

If the object is homogeneous, r is constant and the integral can be evaluated for a 
known geometry. If r is not constant, its variation with position must be known to 
complete the integration.
 The density given by r 5 m/V sometimes is referred to as volumetric mass density 
because it represents mass per unit volume. Often we use other ways of express-
ing density. For instance, when dealing with a sheet of uniform thickness t, we can 
define a surface mass density s 5 rt, which represents mass per unit area. Finally, when 
mass is distributed along a rod of uniform cross-sectional area A, we sometimes use 
linear mass density l 5 M/L 5 rA, which is the mass per unit length.

 Moment of inertia X
of a rigid object

Example 10.7   Uniform Rigid Rod

Calculate the moment of inertia of a uniform thin rod of length L and mass M (Fig. 
10.15) about an axis perpendicular to the rod (the y9 axis) and passing through its 
center of mass.

Conceptualize  Imagine twirling the rod in Fig-
ure 10.15 with your fingers around its midpoint. 
If you have a meterstick handy, use it to simulate 
the spinning of a thin rod and feel the resistance it 
offers to being spun.

Categorize  This example is a substitution problem, using the definition of moment of inertia in Equation 10.20. As 
with any integration problem, the solution involves reducing the integrand to a single variable.
 The shaded length element dx9 in Figure 10.15 has a mass dm equal to the mass per unit length l multiplied by dx9.

S O L U T I O N

L

x!

O
x!

dx!

y!y

Figure 10.15  (Example 10.7) 
A uniform rigid rod of length L. 
The moment of inertia about the 
y9 axis is less than that about the y 
axis. The latter axis is examined in 
Example 10.9.

Express dm in terms of dx9: dm 5 l dx r 5
M
L

 dx r

Substitute this expression into Equation 10.20, with
r 2 5 (x9)2:

Iy r 5 3r 2 dm 5 3
L/2

2L/2
 1x r 22 

M
L

 dx r 5
M
L

 3
L/2

2L/2
 1x r 22 dx r

5
M
L

 c 1x r 23

3
 d L/2

2L/2
5 1

12ML2

Check this result in Table 10.2.
 

Example 10.8   Uniform Solid Cylinder

A uniform solid cylinder has a radius R, mass M, and length L. Calculate its moment of inertia about its central axis 
(the z axis in Fig. 10.16).



Calculating Moment of Inertia of a Uniform Rod

Rod is uniform: let λ = M
L be the mass per unit length (density).

Iy ′ =

∫
r2 dm

=

∫L/2
−L/2

(x ′)2 λ dx ′

= λ

[
(x ′)3

3

]L/2
−L/2

=
M

L

[
L3

24
+

L3

24

]
=

1

12
ML2
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Calculating Moment of Inertia of a Uniform Rod
Moment of inertia of a uniform thin rod of length L and mass M
about an axis perpendicular to the rod (the y ′ axis) and passing
through its center of mass.
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Check this result in Table 10.2.
 

Example 10.8   Uniform Solid Cylinder

A uniform solid cylinder has a radius R, mass M, and length L. Calculate its moment of inertia about its central axis 
(the z axis in Fig. 10.16).

Iy ′ =
1

12
ML2



A Trick: The Parallel Axis Theorem

Suppose you know the moment of inertia of an object about an
axis through its center of mass.

Let that axis be the z-axis. (The coordinates of the center of mass
are (0, 0, 0).)

Suppose you want to know the moment of inertia about a different
axis, parallel to the first one. Let the (x , y) coordinates of this new
axis z ′ be (a, b).

Then we must integrate:

Iz ′ =

∫
(r ′)2 dm

where r ′ is the distance of the mass increment dm from the new
axis, z ′.



A Trick: The Parallel Axis Theorem

Suppose you know the moment of inertia of an object about an
axis through its center of mass.

Let that axis be the z-axis. (The coordinates of the center of mass
are (0, 0, 0).)

Suppose you want to know the moment of inertia about a different
axis, parallel to the first one. Let the (x , y) coordinates of this new
axis z ′ be (a, b).

Then we must integrate:

Iz ′ =

∫
(r ′)2 dm

where r ′ is the distance of the mass increment dm from the new
axis, z ′.



A Trick: The Parallel Axis Theorem

Suppose you know the moment of inertia of an object about an
axis through its center of mass.

Let that axis be the z-axis. (The coordinates of the center of mass
are (0, 0, 0).)

Suppose you want to know the moment of inertia about a different
axis, parallel to the first one. Let the (x , y) coordinates of this new
axis z ′ be (a, b).

Then we must integrate:

Iz ′ =

∫
(r ′)2 dm

where r ′ is the distance of the mass increment dm from the new
axis, z ′.



The Parallel Axis Theorem

The result we will get.

For an axis through the center of mass and any parallel axis
through some other point:

I‖ = ICM +M D2

where D =
√
a2 + b2 is the distance from from the axis through

the center of mass to the new axis.



The Parallel Axis Theorem

Distance formula: (r ′)2 = (x − a)2 + (y − b)2.

Iz ′ =

∫
(r ′)2 dm

=

∫
(x − a)2 + (y − b)2 dm

=

∫
x2 dm−2a

∫
x dm+

∫
a2 dm

+

∫
y2 dm−2b

∫
y dm+

∫
b2 dm
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The Parallel Axis Theorem

But: xCM = 1
M

∫
x dm = 0 ⇒

∫
x dm = 0. Also for y .

Iz ′ =

∫
x2 dm−2a

∫
x dm +

∫
a2 dm

+

∫
y2 dm−2b

∫
y dm +

∫
b2 dm

=

∫
(x2 + y2) dm+

∫
(a2 + b2) dm

= Iz +M D2

where D =
√
a2 + b2 is the distance from from the origin to the

new axis.
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Question

We found that the moment of inertia of a uniform rod about its
midpoint was I = 1

12ML2.

What is the moment of inertia of the same rod about the and axis
through an endpoint of the rod?
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Table 10.2 Moments of Inertia of Homogeneous Rigid Objects  
with Different Geometries

Hoop or thin
cylindrical shell
ICM ! MR 

2
R

Solid cylinder
or disk

R

Long, thin rod
with rotation axis
through center

Solid sphere

Hollow cylinder

R 2

Long, thin
rod with
rotation axis
through end

L

Thin spherical
shell

R1

R

Rectangular plate

b

a

L

I  1
2ICM ! M(R1

2 " R2
2)

MR 
21

2ICM !
 1

12ICM ! M(a2 " b2)

 1
12ICM ! ML2

 2
5

ICM ! MR 
2

 2
3

ICM ! MR 
2

1
3

ML2I !

R

Q uick Quiz 10.5  You turn off your electric drill and find that the time interval 
for the rotating bit to come to rest due to frictional torque in the drill is Dt. You 
replace the bit with a larger one that results in a doubling of the moment of 
inertia of the drill’s entire rotating mechanism. When this larger bit is rotated 
at the same angular speed as the first and the drill is turned off, the frictional 
torque remains the same as that for the previous situation. What is the time 
interval for this second bit to come to rest? (a) 4Dt (b) 2Dt (c) Dt (d) 0.5Dt  
(e) 0.25Dt (f) impossible to determine

Analysis Model   Rigid Object Under a Net Torque
Imagine you are analyzing the motion of an object that is free to rotate about a fixed axis. The cause 
of changes in rotational motion of this object is torque applied to the object and, in parallel to New-
ton’s second law for translation motion, the torque is equal to the product of the moment of inertia of 
the object and the angular acceleration:

 o text 5 Ia (10.18)

The torque, the moment of inertia, and the angular acceleration must all be evaluated around the 
same rotation axis. 

a

(A) 1
3ML2

(B) 1
2ML2

(C) 7
12ML2

(D) 13
12ML2
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Calculating Moment of Inertia of a Uniform Cylinder
(Example 10.8)

A uniform solid cylinder has a radius R, mass M, and length L.
Calculate its moment of inertia about its central axis (the z axis).

 10.6 Calculation of Moments of Inertia 309

Conceptualize  To simulate this situation, imagine twirling a can of 
frozen juice around its central axis. Don’t twirl a nonfrozen can of 
vegetable soup; it is not a rigid object! The liquid is able to move rela-
tive to the metal can.

Categorize  This example is a substitution problem, using the defini-
tion of moment of inertia. As with Example 10.7, we must reduce the 
integrand to a single variable.
 It is convenient to divide the cylinder into many cylindrical shells, 
each having radius r, thickness dr, and length L as shown in Figure 
10.16. The density of the cylinder is r. The volume dV of each shell is 
its cross-sectional area multiplied by its length: dV 5 L dA 5 L(2pr) dr.

S O L U T I O N

L

dr

z

r

R

Figure 10.16  (Exam-
ple 10.8) Calculating I 
about the z axis for a  
uniform solid cylinder.

Express dm in terms of dr : dm 5 r dV 5 rL(2pr) dr

Substitute this expression into Equation 10.20: Iz 5 3r 2 dm 5 3r 2 3rL 12pr 2  dr 4 5 2prL 3
R

0
 r 3 dr 5 1

2 prLR 4

Use the total volume pR2L of the cylinder to express  
its density:

r 5
M
V

5
M

pR 2L

Substitute this value into the expression for Iz: Iz 5 1
2pa M

pR 2L
bLR 4 5 1

2MR 2

Check this result in Table 10.2.

What if the length of the cylinder in Figure 10.16 is increased to 2L, while the mass M and radius R are 
held fixed? How does that change the moment of inertia of the cylinder?

Answer  Notice that the result for the moment of inertia of a cylinder does not depend on L, the length of the cylinder. 
It applies equally well to a long cylinder and a flat disk having the same mass M and radius R. Therefore, the moment 
of inertia of the cylinder is not affected by how the mass is distributed along its length.

WHAT IF ?

 

 The calculation of moments of inertia of an object about an arbitrary axis can be 
cumbersome, even for a highly symmetric object. Fortunately, use of an important 
theorem, called the parallel-axis theorem, often simplifies the calculation.
 To generate the parallel-axis theorem, suppose the object in Figure 10.17a on 
page 310 rotates about the z axis. The moment of inertia does not depend on how 
the mass is distributed along the z axis; as we found in Example 10.8, the moment 
of inertia of a cylinder is independent of its length. Imagine collapsing the three-
dimensional object into a planar object as in Figure 10.17b. In this imaginary pro-
cess, all mass moves parallel to the z axis until it lies in the xy plane. The coordinates 
of the object’s center of mass are now xCM, yCM, and zCM 5 0. Let the mass element 
dm have coordinates (x, y, 0) as shown in the view down the z axis in Figure 10.17c. 
Because this element is a distance r 5 !x2 1 y2  from the z axis, the moment of 
inertia of the entire object about the z axis is

I 5 3r 2 dm 5 3 1x2 1 y2 2  dm

We can relate the coordinates x, y of the mass element dm to the coordinates of 
this same element located in a coordinate system having the object’s center of mass 
as its origin. If the coordinates of the center of mass are xCM, yCM, and zCM 5 0 
in the original coordinate system centered on O, we see from Figure 10.17c that  

▸ 10.8 c o n t i n u e d



Calculating Moment of Inertia of a Uniform Cylinder

We will again need to evaluate I =
∫
r2 dm. Let ρ = M

V , so that
I = ρ

∫
r2 dV.

We will do this by summing up cylindrical shells.

What is the surface area of a cylinder of height L (without the
circular ends)? A = 2πrL

Then the volume of a cylindrical shell of thickness dr is

dV = 2πrL dr

(The volume of the entire cylinder, V = πR2L.)
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Calculating Moment of Inertia of a Uniform Cylinder

Iz =

∫R
0
r2(ρ2πrL dr)

Iz = 2πρL

∫R
0
r3 dr

= 2πρL

[
r4

4

]R
0

= 2πρL

[
R4

4

]

=
1

2
πL

(
M

πR2L

)
R4

=
1

2
MR2
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Q uick Quiz 10.5  You turn off your electric drill and find that the time interval 
for the rotating bit to come to rest due to frictional torque in the drill is Dt. You 
replace the bit with a larger one that results in a doubling of the moment of 
inertia of the drill’s entire rotating mechanism. When this larger bit is rotated 
at the same angular speed as the first and the drill is turned off, the frictional 
torque remains the same as that for the previous situation. What is the time 
interval for this second bit to come to rest? (a) 4Dt (b) 2Dt (c) Dt (d) 0.5Dt  
(e) 0.25Dt (f) impossible to determine

Analysis Model   Rigid Object Under a Net Torque
Imagine you are analyzing the motion of an object that is free to rotate about a fixed axis. The cause 
of changes in rotational motion of this object is torque applied to the object and, in parallel to New-
ton’s second law for translation motion, the torque is equal to the product of the moment of inertia of 
the object and the angular acceleration:

 o text 5 Ia (10.18)

The torque, the moment of inertia, and the angular acceleration must all be evaluated around the 
same rotation axis. 

a



Summary

• moments of inertia

• the parallel axis theorem

Quiz Thursday.

3rd Assignment due Friday.

(Uncollected) Homework Serway & Jewett,

• Ch 10, onward from page 288. Probs: 39, 43, 46 (try the
trick we used with finding CMs - can wait until tomorrow,
when we cover KE)

• Look at example 10.6. (can wait until tomorrow)


