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Last time

• Definition of angular momentum

• angular momentum of rigid objects

• relation to Newton’s 2nd law



Overview

• angular impulse

• angular momentum of an object moving in a straight line

• conservation of angular momentum

• applying conservation of momentum



Angular Momentum and Newton’s Second Law

More general form of Newton’s second law for rotations:

#»τ net =
d

#»

L

dt

⇒ torques cause changes in angular momentum,
#»

L .

Compare:
#»

Fnet =
d #»p
dt



Angular Impulse

We have:

#»τ net =
d

#»

L

dt

We can now define the angular impulse on a system as

#   »

∆L =

∫
#»τ net dt

A torque applied over time changes the angular momentum.

• Angular impulse is a vector

• Units: kg m2 s−1



Newton’s Second Law for Rotations
We said

#»τ net =
d

#»

L

dt

is the more general form of Newton’s second law for rotations.

What about our previous version of Newton’s second law for
rotations ( #»τ net = I #»α)? Suppose I is constant:

#»τ net =
d

#»

L

dt
=

d(I #»ω)

dt

=
�
�
��
0

dI

dt
#»ω+ I

d #»ω

dt

If we consider a fixed rigid object and fixed axis of rotation, dI
dt = 0:

#»τ net = I #»α
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Angular Momentum of a Falling Object

A rock, mass m, is dropped near the surface of the Earth at the
north pole from a height h. After a time t its velocity is v . Let
REarth be the radius of the Earth.

What is the magnitude of angular momentum of the rock about
the center of the Earth?

(A) mgh

(B) mvh

(C) mvREarth

(D) 0
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Angular mtm of an object moving in a Straight Line

Suppose a particle is in motion relative to an axis O and no forces
act on it. (∆ #»p = 0)

The distance of closest approach of the particle to the axis is R.

R
ri

p

θ

i p pf

O

What is the angular momentum of the particle about O?



Isolated Object moving in a Straight Line

First consider the particle at point f . #»p is perpendicular to #»r f .

#»

L f = #»r f × #»p

= (R)(mv) sin(90◦) (−k̂)

= mvR (−k̂)

Does this agree with what
#»

L is at point i?

#»

L i =
#»r i × #»p = (ri )(mv) sin θi (−k̂)

But, ri sin θi = R , so

#»

L i = mvR (−k̂)

so yes,
#»

L i =
#»

L f .
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Angular mtm of an object moving in a Straight Line

The magnitude of the angular momentum of an object, of mass m
and velocity v , traveling in a straight line about an axis O is

L = mvR

where R is the distance of closest approach of the axis O.

R
ri

p

θ

i p pf

O



Conservation of Angular Momentum

For an isolated system, ie. a system with no external torques, total
angular momentum is conserved.

 11.4 Analysis Model: Isolated System (Angular Momentum) 347

Example 11.7   Formation of a Neutron Star 

A star rotates with a period of 30 days about an axis through its center. The period is the time interval required for a 
point on the star’s equator to make one complete revolution around the axis of rotation. After the star undergoes a 
supernova explosion, the stellar core, which had a radius of 1.0 3 104 km, collapses into a neutron star of radius 3.0 km. 
Determine the period of rotation of the neutron star.

Conceptualize  The change in the neutron star’s motion is similar to that of the skater described earlier, but in the 
reverse direction. As the mass of the star moves closer to the rotation axis, we expect the star to spin faster.

Categorize  Let us assume that during the collapse of the stellar core, (1) no external torque acts on it, (2) it remains 
spherical with the same relative mass distribution, and (3) its mass remains constant. We categorize the star as an iso-
lated system in terms of angular momentum. We do not know the mass distribution of the star, but we have assumed the 
distribution is symmetric, so the moment of inertia can be expressed as kMR2, where k is some numerical constant. 
(From Table 10.2, for example, we see that k 5 25 for a solid sphere and k 5 23 for a spherical shell.)

Analyze  Let’s use the symbol T for the period, with Ti being the initial period of the star and Tf being the period of the 
neutron star. The star’s angular speed is given by v 5 2p/T.

AM

S O L U T I O N

From the isolated system model for angular 
momentum, write Equation 11.19 for the star:

Iivi 5 If vf

Use v 5 2p/T to rewrite this equation in terms of 
the initial and final periods:

Ii a2p

Ti
b 5 If a2p

Tf
b

Substitute the moments of inertia in the preceding 
equation:

kMRi 2a2p

Ti
b 5 kMRf 2a2p

Tf
b

Solve for the final period of the star: Tf 5 aRf

Ri
b2

Ti

Analysis Model   Isolated System (Angular Momentum)

Imagine a system rotates about 
an axis. If there is no net external 
torque on the system, there is no 
change in the angular momen-
tum of the system:

 DL
S

tot 5 0 (11.18)

Applying this law of conserva-
tion of angular momentum to a 
system whose moment of inertia 
changes gives

 Iivi 5 If vf 5 constant (11.19)

The angular momentum of the 
isolated system is constant.

Angular momentum

System
boundary

Examples: 

star collapses to a small radius and spins at a 
much higher rate

proportional to the cube of its semimajor axis; 
Kepler’s third law  (Chapter 13)

quantum numbers must be obeyed in order to 
conserve angular momentum (Chapter 42)

-
trino must be emitted in order to conserve 
angular momentum (Chapter 44)

Substitute numerical values: Tf 5 a 3.0 km
1.0 3 104 km

b2 130 days 2 5 2.7 3 1026 days 5  0.23 s

Finalize  The neutron star does indeed rotate faster after it collapses, as predicted. It moves very fast, in fact, rotating 
about four times each second!

1Figures from Serway & Jewett.



Conservation of Angular Momentum

For zero net external torque:

d

dt

(∑
i

#»

L i

)
= 0

This corresponds to a rotational symmetry in the equations of
motion.

(And now “isolated” means no external torques act on the system.)
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Conservation of Angular Momentum

Suppose we have a collection of massive particles, which together
have some moment of inertia Ii at time t = ti , and an angular
velocity #»ωi .

Then
#»

L i = Ii
#»ωi

If the system is isolated,
#»

L i =
#»

L f .

Then, even if the arrangement of the particles is changing (I(t)):

Ii
#»ωi = If

#»ωf



Conservation of Angular Momentum

Suppose we have a collection of massive particles, which together
have some moment of inertia Ii at time t = ti , and an angular
velocity #»ωi .

Then
#»

L i = Ii
#»ωi

If the system is isolated,
#»

L i =
#»

L f .

Then, even if the arrangement of the particles is changing (I(t)):

Ii
#»ωi = If

#»ωf



Conservation of Angular Momentum

Suppose we have a collection of massive particles, which together
have some moment of inertia Ii at time t = ti , and an angular
velocity #»ωi .

Then
#»

L i = Ii
#»ωi

If the system is isolated,
#»

L i =
#»

L f .

Then, even if the arrangement of the particles is changing (I(t)):

Ii
#»ωi = If

#»ωf



Example 11.7 - Conservation of Angular Momentum

A star rotates with a period of 30 days about an axis through its
center. The period is the time interval required for a point on the
star’s equator to make one complete revolution around the axis of
rotation. After the star undergoes a supernova explosion, the
stellar core, which had a radius of 1.0× 104 km, collapses into a
neutron star of radius 3.0 km.

Determine the period of rotation of the neutron star.

0Serway & Jewett, page 347.



Example 11.7 - Conservation of Angular Momentum

Period of rotation of neutron star?

Use: Ii
#»ωi = If

#»ωf and ω = 2π
T

Ii =
2

5
M (1.0× 107 m)2 ; If =

2

5
M (3.0× 103 m)2

Ii
2π

Ti
= If

2π

Tf

Tf =
If
Ii
Ti

=
(3.0× 103 m)2

(1.0× 107 m)2
(30× 24× 3600 s)

= 0.23 s
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Another Example

A bullet of mass mb is fired into a block of mass M attached to
the end of a uniform rod of mass mr and length `. The
block-rod-bullet system then rotates in the plane of the figure,
about a fixed axis at A. Treat the block as a particle.

(a) What is the rotational inertia of the
block-rod-bullet system, when the bullet is
lodged in the block, about point A?

(b) If the angular speed of the system about A
just after impact is ω, what is the bullet’s
speed just before impact?

(c) What if we try to conserve linear
momentum?

mass m ! M/4.00 on its outer edge, at radius R2. By how much does
the cat increase the kinetic energy of the cat–ring system if the cat
crawls to the inner edge, at radius R1?   

••55 A horizontal vinyl record of mass 0.10 kg and radius 0.10 m
rotates freely about a vertical axis through its center with an angu-
lar speed of 4.7 rad/s. The rotational inertia of the record about its
axis of rotation is 5.0 " 10#4 kg $ m2. A wad of wet putty of mass
0.020 kg drops vertically onto the record from above and sticks to
the edge of the record. What is the angular speed of the record im-
mediately after the putty sticks to it?

••56 In a long jump, an athlete leaves the ground with an
initial angular momentum that tends to rotate her body forward,
threatening to ruin her landing. To counter this tendency, she ro-
tates her outstretched arms to “take up” the angular momentum
(Fig. 11-18). In 0.700 s, one arm sweeps through 0.500 rev and the
other arm sweeps through 1.000 rev.Treat each arm as a thin rod of
mass 4.0 kg and length 0.60 m, rotating around one end. In the ath-
lete’s reference frame, what is the magnitude of the total angular
momentum of the arms around the common rotation axis through
the shoulders?

••57 A uniform disk of mass 10m and radius 3.0r can rotate freely
about its fixed center like a merry-go-round. A smaller uniform
disk of mass m and radius r lies on top of the larger disk, concentric
with it. Initially the two disks rotate together with an angular ve-
locity of 20 rad/s. Then a slight disturbance causes the smaller disk
to slide outward across the larger disk, until the outer edge of the
smaller disk catches on the outer edge of the larger disk.Afterward,
the two disks again rotate together (without further sliding). (a) What
then is their angular velocity about the center of the larger disk? (b)
What is the ratio K /K0 of the new kinetic energy of the two-disk sys-
tem to the system’s initial kinetic energy?

••58 A horizontal platform in the shape of a circular disk rotates
on a frictionless bearing about a vertical axle through the center of
the disk.The platform has a mass of 150 kg, a radius of 2.0 m, and a
rotational inertia of 300 kg $ m2 about the axis of rotation. A 60 kg
student walks slowly from the rim of the platform toward the cen-
ter. If the angular speed of the system is 1.5 rad/s when the student
starts at the rim, what is the angular speed when she is 0.50 m from
the center?

••59 Figure 11-52 is an overhead
view of a thin uniform rod of length
0.800 m and mass M rotating horizon-
tally at angular speed 20.0 rad/s about
an axis through its center. A particle
of mass M/3.00 initially attached to
one end is ejected from the rod and travels along a path that is per-
pendicular to the rod at the instant of ejection. If the particle’s speed
vp is 6.00 m/s greater than the speed of
the rod end just after ejection, what is
the value of vp?

••60 In Fig. 11-53, a 1.0 g bullet is
fired into a 0.50 kg block attached to
the end of a 0.60 m nonuniform rod of
mass 0.50 kg. The block–rod–bullet
system then rotates in the plane of the
figure, about a fixed axis at A. The ro-
tational inertia of the rod alone about
that axis at A is 0.060 kg $ m2. Treat the
block as a particle. (a) What then is

the rotational inertia of the block–rod–bullet system about point
A? (b) If the angular speed of the system about A just after impact
is 4.5 rad/s, what is the bullet’s speed just before impact?

••61 The uniform rod (length 0.60
m, mass 1.0 kg) in Fig. 11-54 rotates
in the plane of the figure about an
axis through one end, with a rota-
tional inertia of 0.12 kg $m2. As the
rod swings through its lowest posi-
tion, it collides with a 0.20 kg putty
wad that sticks to the end of the rod.
If the rod’s angular speed just before
collision is 2.4 rad/s, what is the angu-
lar speed of the rod–putty system
immediately after collision?

•••62 During a jump to his
partner, an aerialist is to make a quadruple somersault lasting a
time t ! 1.87 s. For the first and last quarter-revolution, he is in the
extended orientation shown in Fig. 11-55, with rotational inertia 
I1 ! 19.9 kg $m2 around his center of mass (the dot). During the
rest of the flight he is in a tight tuck, with rotational inertia I2 !
3.93 kg $m2. What must be his angular speed v 2 around his center
of mass during the tuck?
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Fig. 11-55 Problem 62.

•••63 In Fig. 11-56, a 30 kg
child stands on the edge of a sta-
tionary merry-go-round of radius
2.0 m. The rotational inertia of the
merry-go-round about its rotation
axis is 150 kg $ m2. The child catches
a ball of mass 1.0 kg thrown by a
friend. Just before the ball is caught,
it has a horizontal velocity of mag-
nitude 12 m/s, at angle f ! 37° with
a line tangent to the outer edge of
the merry-go-round, as shown. What is the angular speed of the
merry-go-round just after the ball is caught?

•••64 A ballerina begins a tour jeté (Fig. 11-19a) with an-
gular speed and a rotational inertia consisting of two parts:

for her leg extended outward at angle 
to her body and for the rest of her body (pri-Itrunk ! 0.660 kg $m2

% ! 90.0&Ileg ! 1.44 kg $m2
'i

v:

Fig. 11-56 Problem 63.

φ

Child

Ball

v
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** View All 
Solutions Here **

** View All 
Solutions Here **

1Halliday, Resnick, Walker, 9th ed, page 302, variation on #60.



Another Example
Let r = 0.6 m be the length of the rod.

(a) rotational inertia about A with bullet embedded?

IA = Ibullet + Iblock + Irod

= mb`
2 + M`2 +

1

3
mr `

2

= (mb +M +
mr

3
)`2

(b) bullet’s initial speed, vi?

isolated system ⇒ conserve angular momentum in collision

LA,i = LA,f

Lbullet,A,i + Lblock+rod,A,i = IA,fωf

mbvi ` + 0 = IAω

vi =
(mb +M + mr

3 )`ω

mb
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Summary

• angular impulse

• angular momentum of an object moving in a straight line

• conservation of angular momentum

Final Exam Tuesday, Mar 24, via Canvas & Zoom, be ready at
9am.

4th Assignment due this Friday.

(Uncollected) Homework
• Play with office furniture

Serway & Jewett:

• Ch 11, onward from page 357. Probs: 31, 33, 37, 39, 41


