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Last Time

• static equilibrium

• center of gravity



Overview

• Newton’s Law of Universal Gravitation

• gravitational potential energy

• little g



Gravitation

The force that massive objects exert on one another.

Newton’s Law of Universal Gravitation

FG =
Gm1m2

r2

for two objects, masses m1 and m2 at a distance r .

G = 6.67 × 10−11 Nm2 kg−2.



Gravitation
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the law of universal gravitation and the principle of conservation of angular momentum 
for an isolated system. We conclude by deriving a general expression for the gravitational 
potential energy of a system and examining the energetics of planetary and satellite motion.

13.1 Newton’s Law of Universal Gravitation
You may have heard the legend that, while napping under a tree, Newton was struck 
on the head by a falling apple. This alleged accident supposedly prompted him to 
imagine that perhaps all objects in the Universe were attracted to each other in the 
same way the apple was attracted to the Earth. Newton analyzed astronomical data 
on the motion of the Moon around the Earth. From that analysis, he made the bold 
assertion that the force law governing the motion of planets was the same as the 
force law that attracted a falling apple to the Earth.
 In 1687, Newton published his work on the law of gravity in his treatise Mathemati-
cal Principles of Natural Philosophy. Newton’s law of universal gravitation states that

every particle in the Universe attracts every other particle with a force that 
is directly proportional to the product of their masses and inversely propor-
tional to the square of the distance between them.

If the particles have masses m1 and m2 and are separated by a distance r, the magni-
tude of this gravitational force is

 Fg 5 G 
m1m 2

r 2  (13.1)

where G is a constant, called the universal gravitational constant. Its value in SI units is

 G 5 6.674 3 10211 N ? m2/kg2 (13.2)

 The universal gravitational constant G was first evaluated in the late nineteenth 
century, based on results of an important experiment by Sir Henry Cavendish (1731–
1810) in 1798. The law of universal gravitation was not expressed by Newton in the 
form of Equation 13.1, and Newton did not mention a constant such as G. In fact, 
even by the time of Cavendish, a unit of force had not yet been included in the exist-
ing system of units. Cavendish’s goal was to measure the density of the Earth. His 
results were then used by other scientists 100 years later to generate a value for G. 
 Cavendish’s apparatus consists of two small spheres, each of mass m, fixed to the 
ends of a light, horizontal rod suspended by a fine fiber or thin metal wire as illus-
trated in Figure 13.1. When two large spheres, each of mass M, are placed near the 
smaller ones, the attractive force between smaller and larger spheres causes the rod 
to rotate and twist the wire suspension to a new equilibrium orientation. The angle 
of rotation is measured by the deflection of a light beam reflected from a mirror 
attached to the vertical suspension.
 The form of the force law given by Equation 13.1 is often referred to as an 
inverse-square law because the magnitude of the force varies as the inverse square 
of the separation of the particles.1 We shall see other examples of this type of force 
law in subsequent chapters. We can express this force in vector form by defining a 
unit vector r̂12 (Fig. 13.2). Because this unit vector is directed from particle 1 toward 
particle 2, the force exerted by particle 1 on particle 2 is

 F
S

12 5 2G 
m 1m 2

r 2  r̂12 (13.3)

�W  The law of universal 
gravitation
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The dashed line represents the 
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Figure 13.1  Cavendish apparatus 
for measuring gravitational forces.

1An inverse proportionality between two quantities x and y is one in which y 5 k/x, where k is a constant. A direct pro-
portion between x and y exists when y 5 kx.

Figure 13.2 The gravitational 
force between two particles is 
attractive. The unit vector r̂12 is 
directed from particle 1 toward 
particle 2.
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Consistent with Newton’s 
third law, F21 ! "F12.  

SS

#»

FG ,1→2 = −
Gm1m2

r2
r̂1→2

for two objects, masses m1 and m2 at a distance r .
r̂ is the radial unit vector.

G = 6.67 × 10−11 Nm2 kg−2.



Example 13.1: The Gravitational Force between
Small Masses is Small

Three 0.300 kg billiard balls are placed on a table at the corners of
a right triangle. The sides of the triangle are of lengths a = 0.400
m, b = 0.300 m, and c = 0.500 m. Calculate the gravitational
force vector on the cue ball (designated m1) resulting from the
other two balls as well as the magnitude and direction of this force.

390 Chapter 13 Universal Gravitation

Example 13.1   Billiards, Anyone?

Three 0.300-kg billiard balls are placed on a table at the corners of a right triangle 
as shown in Figure 13.3. The sides of the triangle are of lengths a 5 0.400 m, b 5 
0.300 m, and c 5 0.500 m. Calculate the gravitational force vector on the cue ball 
(designated m1) resulting from the other two balls as well as the magnitude and direc-
tion of this force.

Conceptualize  Notice in Figure 13.3 that the cue ball is 
attracted to both other balls by the gravitational force. We 
can see graphically that the net force should point upward 
and toward the right. We locate our coordinate axes as 
shown in Figure 13.3, placing our origin at the position of 
the cue ball.

Categorize  This problem involves evaluating the gravitational forces on the cue ball using Equation 13.3. Once these 
forces are evaluated, it becomes a vector addition problem to find the net force.

S O L U T I O N

where the negative sign indicates that particle 2 is attracted to particle 1; hence, 
the force on particle 2 must be directed toward particle 1. By Newton’s third law, 
the force exerted by particle 2 on particle 1, designated F

S
21, is equal in magni-

tude to F
S

12 and in the opposite direction. That is, these forces form an action–
reaction pair, and F

S
21 5 2 F

S
12.

 Two features of Equation 13.3 deserve mention. First, the gravitational force is a 
field force that always exists between two particles, regardless of the medium that 
separates them. Second, because the force varies as the inverse square of the dis-
tance between the particles, it decreases rapidly with increasing separation.
 Equation 13.3 can also be used to show that the gravitational force exerted by a 
finite-size, spherically symmetric mass distribution on a particle outside the distri-
bution is the same as if the entire mass of the distribution were concentrated at the 
center. For example, the magnitude of the force exerted by the Earth on a particle 
of mass m near the Earth’s surface is

 Fg 5 G 
MEm
RE

2  (13.4)

where ME is the Earth’s mass and RE its radius. This force is directed toward the 
center of the Earth.

Q uick Quiz 13.1  A planet has two moons of equal mass. Moon 1 is in a circular 
orbit of radius r. Moon 2 is in a circular orbit of radius 2r. What is the magnitude 
of the gravitational force exerted by the planet on Moon 2? (a) four times as large 
as that on Moon 1 (b) twice as large as that on Moon 1 (c) equal to that on Moon 1  
(d) half as large as that on Moon 1 (e) one-fourth as large as that on Moon 1

Pitfall Prevention 13.1 
Be Clear on g and G The symbol g  
represents the magnitude of the 
free-fall acceleration near a planet. 
At the surface of the Earth, g has 
an average value of 9.80 m/s2.  
On the other hand, G is a uni-
versal constant that has the same 
value everywhere in the Universe.
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F
SFigure 13.3  (Example 

13.1) The resultant gravita-
tional force acting on the 
cue ball is the vector sum 
F
S

21 1 F
S

31.

Analyze  Find the force exerted by m2 on the cue ball: F
S

21 5 G 
m2m1

a2   ĵ 

 5 16.674 3 10211 N # m2/kg2 2  10.300 kg 2 10.300 kg 210.400 m 22   ĵ

 5 3.75 3 10211
  ĵ N

Find the force exerted by m3 on the cue ball: F
S

31 5 G 
m3m1

b2   î 

 5 16.674 3 10211 N # m2/kg2 2  10.300 kg 2 10.300 kg 210.300 m 22   î

 5 6.67 3 10211
  î N



Example 13.1
Remember, G = 6.67 × 10−11 N m2 kg−2:

#»

FG ,1→2 = −
Gm1m2

r2
r̂1→2

#»

F2→1 = −
Gm2m1

r2
r̂2→1

=
Gm2m1

a2
ĵ

= 3.75 × 10−11 ĵ N

#»

F3→1 = −
Gm3m1

r2
r̂3→1

=
Gm3m1

b2
î

= 6.67 × 10−11 î N

So,

#»

Fnet =
#»

F2→1 +
#»

F3→1

= (6.67 × 10−11 î + 3.75 × 10−11 ĵ) N

#»

Fnet = 7.65 ××10−11 N with θ = 29.3◦

Very small!
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Gravitational Potential Energy
Remember from Chapter 7,

Fx = −
dU

dx
; ∆U = −

∫
F (x) dx

Since W =
∫
F (r) dr, this tells us that the work done by gravity on

an object is equal to minus the change in potential energy.

∆U = −

∫ rf
ri

#»

FG (
#»r ) · d #»r

(You solve this on the homework!)



Gravitational Potential Energy

It is useful to pick a reference point to set the scale for
gravitational potential energy. What would be a good point?

Infinite distance! For ri = ∞, U(ri ) = 0.

Then we can define:

U(r) = −
Gm1m2

r

This will always be a negative number.
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Gravitational Potential Energy

U(r) = −
Gm1m2

r

 13.5 Gravitational Potential Energy 401

potential energy to be the same as that for which the force is zero. Taking Ui 5 0 at 
ri 5 ,̀ we obtain the important result

 U 1r 2 5 2
GMEm

r  (13.14)

This expression applies when the particle is separated from the center of the Earth 
by a distance r, provided that r $ RE. The result is not valid for particles inside the 
Earth, where r , RE. Because of our choice of Ui, the function U is always negative 
(Fig. 13.11).
 Although Equation 13.14 was derived for the particle–Earth system, a similar 
form of the equation can be applied to any two particles. That is, the gravitational 
potential energy associated with any pair of particles of masses m1 and m2 sepa-
rated by a distance r is

 U 5 2
Gm1m 2

r  (13.15)

This expression shows that the gravitational potential energy for any pair of par-
ticles varies as 1/r, whereas the force between them varies as 1/r 2. Furthermore, 
the potential energy is negative because the force is attractive and we have chosen 
the potential energy as zero when the particle separation is infinite. Because the 
force between the particles is attractive, an external agent must do positive work to 
increase the separation between the particles. The work done by the external agent 
produces an increase in the potential energy as the two particles are separated. 
That is, U becomes less negative as r increases.
 When two particles are at rest and separated by a distance r, an external agent has 
to supply an energy at least equal to 1Gm1m2/r to separate the particles to an infinite 
distance. It is therefore convenient to think of the absolute value of the potential 
energy as the binding energy of the system. If the external agent supplies an energy 
greater than the binding energy, the excess energy of the system is in the form of 
kinetic energy of the particles when the particles are at an infinite separation.
 We can extend this concept to three or more particles. In this case, the total 
potential energy of the system is the sum over all pairs of particles. Each pair con-
tributes a term of the form given by Equation 13.15. For example, if the system con-
tains three particles as in Figure 13.12,

 Utotal 5 U12 1 U13 1 U23 5 2G am1m2

r12
1

m1m3

r13
1

m2m3

r23
b 

The absolute value of Utotal represents the work needed to separate the particles by 
an infinite distance.

�W  Gravitational potential energy 
of the Earth–particle system

Earth

R E

O

GME m

U

r

R E

ME

!

The potential 
energy goes to 
zero as r 
approaches 
infinity.

Figure 13.11  Graph of the grav-
itational potential energy U versus 
r for the system of an object above 
the Earth’s surface. 

1

2

3r 13

r 12 r 23

Figure 13.12  Three interacting 
particles.

Example 13.6   The Change in Potential Energy

A particle of mass m is displaced through a small vertical distance Dy near the Earth’s surface. Show that in this situ-
ation the general expression for the change in gravitational potential energy given by Equation 13.13 reduces to the 
familiar relationship DU 5 mg Dy.

Conceptualize  Compare the two different situations for which we have developed expressions for gravitational poten-
tial energy: (1) a planet and an object that are far apart for which the energy expression is Equation 13.14 and (2) a 
small object at the surface of a planet for which the energy expression is Equation 7.19. We wish to show that these two 
expressions are equivalent.

S O L U T I O N

continued



Acceleration due to Gravity

This force in that it gives objects weight, Fg .

For an object of mass m near the surface of the Earth:

Fg = mg

and

g =
GME

R2
E

where

• ME = 5.97 × 1024 kg is the mass of the Earth and

• RE = 6.37 × 106 m is the radius of the Earth.

The force
#»

Fg acts downwards towards the center of the Earth.



Acceleration due to Gravity

The acceleration due to gravity, g , can vary with height!

FG =
GMEm

r2
= m

(
GME

r2

)
= mg

Depends on r the distance from the center of the Earth. Suppose
an object is at height h above the surface of the Earth, then:

g =
GME

(RE + h)2

g decreases as h increases.

g is the not just the acceleration due to gravity, but also the
magnitude of the gravitational field.
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Fields

Gravitational force: Electrostatic force:

#»

FG = m(−
GM r̂

r2
) = m #»g

#»

FE = q
#»

E

Gravitational field: Electric field:

#»g =

#»

FG

m

#»

E =

#»

FE

q

The field tells us what force a test particle of mass m (in the
gravitational case) or charge q (in the electrostatic case) would
feel at that point in space and time.



Examples of Fields

Fields are drawn with lines showing the direction of force that a
test particle will feel at that point. The density of the lines at that
point in the diagram indicates the approximate magnitude of the
force at that point.
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25.4  Obtaining the Value of the Electric Field  
from the Electric Potential

The electric field E
S

 and the electric potential V are related as shown in Equation 
25.3, which tells us how to find DV if the electric field E

S
 is known. What if the situ-

ation is reversed? How do we calculate the value of the electric field if the electric 
potential is known in a certain region?
 From Equation 25.3, the potential difference dV between two points a distance 
ds apart can be expressed as

 dV 5 2 E
S

? d sS  (25.15)

If the electric field has only one component Ex, then E
S

? d sS 5 Ex dx . Therefore, 
Equation 25.15 becomes dV 5 2Ex dx, or

 Ex 5 2
dV
dx

 (25.16)

That is, the x component of the electric field is equal to the negative of the deriv-
ative of the electric potential with respect to x. Similar statements can be made 
about the y and z components. Equation 25.16 is the mathematical statement of 
the electric field being a measure of the rate of change with position of the electric 
potential as mentioned in Section 25.1.
 Experimentally, electric potential and position can be measured easily with a 
voltmeter (a device for measuring potential difference) and a meterstick. Conse-
quently, an electric field can be determined by measuring the electric potential at 
several positions in the field and making a graph of the results. According to Equa-
tion 25.16, the slope of a graph of V versus x at a given point provides the magnitude 
of the electric field at that point.
 Imagine starting at a point and then moving through a displacement d sS along 
an equipotential surface. For this motion, dV 5 0 because the potential is constant 
along an equipotential surface. From Equation 25.15, we see that dV 5 2 E

S
? d sS 5 0; 

therefore, because the dot product is zero, E
S

 must be perpendicular to the displace-
ment along the equipotential surface. This result shows that the equipotential sur-
faces must always be perpendicular to the electric field lines passing through them.
 As mentioned at the end of Section 25.2, the equipotential surfaces associated 
with a uniform electric field consist of a family of planes perpendicular to the 
field lines. Figure 25.11a shows some representative equipotential surfaces for this 
situation.

Figure 25.11 Equipotential surfaces (the dashed blue lines are intersections of these surfaces with the page) and elec-
tric field lines. In all cases, the equipotential surfaces are perpendicular to the electric field lines at every point.

q

!

A uniform electric field produced 
by an infinite sheet of charge

A spherically symmetric electric 
field produced by a point charge

An electric field produced by an 
electric dipole

a b c

E
S

 



Examples of Fields

The gravitational field caused by the Sun-Earth system looks
something like:

1Figure from http://www.launc.tased.edu.au



Gravitational Field of the Earth

Near the surface of the Earth:
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is not a particle, it is possible to show that we can model the Earth as a particle for 
the purpose of finding the gravitational field that it creates.) Notice that the pres-
ence of the test particle is not necessary for the field to exist: the source particle 
creates the gravitational field. We can detect the presence of the field and measure 
its strength by placing a test particle in the field and noting the force exerted on it. 
In essence, we are describing the “effect” that any object (in this case, the Earth) 
has on the empty space around itself in terms of the force that would be present if a 
second object were somewhere in that space.2
 The concept of a field is at the heart of the particle in a field analysis model. 
In the general version of this model, a particle resides in an area of space in which 
a field exists. Because of the existence of the field and a property of the particle, 
the particle experiences a force. In the gravitational version of the particle in a 
field model discussed here, the type of field is gravitational, and the property of 
the particle that results in the force is the particle’s mass m. The mathematical 
representation of the gravitational version of the particle in a field model is Equa-
tion 5.5:

 F
S

g 5 mgS  (5.5)

In future chapters, we will see two other versions of the particle in a field model. In 
the electric version, the property of a particle that results in a force is electric charge : 
when a charged particle is placed in an electric field, it experiences a force. The mag-
nitude of the force is the product of the electric charge and the field, in analogy 
with the gravitational force in Equation 5.5. In the magnetic version of the particle 
in a field model, a charged particle is placed in a magnetic field. One other property 
of this particle is required for the particle to experience a force: the particle must 
have a velocity at some nonzero angle to the magnetic field. The electric and mag-
netic versions of the particle in a field model are critical to the understanding of 
the principles of electromagnetism, which we will study in Chapters 23–34.
 Because the gravitational force acting on the object has a magnitude GMEm/r 2 
(see Eq. 13.4), the gravitational field gS at a distance r from the center of the Earth is

 gS 5
F
S

g

m 5 2
GME

r 2  r̂ (13.8)

where r̂ is a unit vector pointing radially outward from the Earth and the negative 
sign indicates that the field points toward the center of the Earth as illustrated 
in Figure 13.4a. The field vectors at different points surrounding the Earth vary 
in both direction and magnitude. In a small region near the Earth’s surface, the 
downward field gS is approximately constant and uniform as indicated in Figure 
13.4b. Equation 13.8 is valid at all points outside the Earth’s surface, assuming the 
Earth is spherical. At the Earth’s surface, where r 5 RE, gS has a magnitude of 
9.80 N/kg. (The unit N/kg is the same as m/s2.)

2We shall return to this idea of mass affecting the space around it when we discuss Einstein’s theory of gravitation in 
Chapter 39.

a

b

The field vectors point in the 
direction of the acceleration a 
particle would experience if it 
were placed in the field. The 
magnitude of the field vector at 
any location is the magnitude 
of the free-fall acceleration at 
that location.

Figure 13.4  (a) The gravitational 
field vectors in the vicinity of a 
uniform spherical mass such as the 
Earth vary in both direction and 
magnitude. (b) The gravitational 
field vectors in a small region near 
the Earth’s surface are uniform in 
both direction and magnitude.

Analysis Model   Particle in a Field (Gravitational)

Imagine an object with mass that we call a source particle. The source particle establishes a gravita-
tional field gS  throughout space. The gravitational field is evaluated by measuring the force on a 
test particle of mass m 0 and then using Equation 13.7. Now imagine a particle of mass m is placed 
in that field. The particle interacts with the gravitational field so that it experiences a gravitational 
force given by

 F
S

g 5 mgS  (5.5)

mgS 

Fg ! mg
S S

continued

Farther out from the Earth:
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is not a particle, it is possible to show that we can model the Earth as a particle for 
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ence of the test particle is not necessary for the field to exist: the source particle 
creates the gravitational field. We can detect the presence of the field and measure 
its strength by placing a test particle in the field and noting the force exerted on it. 
In essence, we are describing the “effect” that any object (in this case, the Earth) 
has on the empty space around itself in terms of the force that would be present if a 
second object were somewhere in that space.2
 The concept of a field is at the heart of the particle in a field analysis model. 
In the general version of this model, a particle resides in an area of space in which 
a field exists. Because of the existence of the field and a property of the particle, 
the particle experiences a force. In the gravitational version of the particle in a 
field model discussed here, the type of field is gravitational, and the property of 
the particle that results in the force is the particle’s mass m. The mathematical 
representation of the gravitational version of the particle in a field model is Equa-
tion 5.5:

 F
S

g 5 mgS  (5.5)

In future chapters, we will see two other versions of the particle in a field model. In 
the electric version, the property of a particle that results in a force is electric charge : 
when a charged particle is placed in an electric field, it experiences a force. The mag-
nitude of the force is the product of the electric charge and the field, in analogy 
with the gravitational force in Equation 5.5. In the magnetic version of the particle 
in a field model, a charged particle is placed in a magnetic field. One other property 
of this particle is required for the particle to experience a force: the particle must 
have a velocity at some nonzero angle to the magnetic field. The electric and mag-
netic versions of the particle in a field model are critical to the understanding of 
the principles of electromagnetism, which we will study in Chapters 23–34.
 Because the gravitational force acting on the object has a magnitude GMEm/r 2 
(see Eq. 13.4), the gravitational field gS at a distance r from the center of the Earth is

 gS 5
F
S

g
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GME

r 2  r̂ (13.8)

where r̂ is a unit vector pointing radially outward from the Earth and the negative 
sign indicates that the field points toward the center of the Earth as illustrated 
in Figure 13.4a. The field vectors at different points surrounding the Earth vary 
in both direction and magnitude. In a small region near the Earth’s surface, the 
downward field gS is approximately constant and uniform as indicated in Figure 
13.4b. Equation 13.8 is valid at all points outside the Earth’s surface, assuming the 
Earth is spherical. At the Earth’s surface, where r 5 RE, gS has a magnitude of 
9.80 N/kg. (The unit N/kg is the same as m/s2.)

2We shall return to this idea of mass affecting the space around it when we discuss Einstein’s theory of gravitation in 
Chapter 39.
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Analysis Model   Particle in a Field (Gravitational)

Imagine an object with mass that we call a source particle. The source particle establishes a gravita-
tional field gS  throughout space. The gravitational field is evaluated by measuring the force on a 
test particle of mass m 0 and then using Equation 13.7. Now imagine a particle of mass m is placed 
in that field. The particle interacts with the gravitational field so that it experiences a gravitational 
force given by

 F
S

g 5 mgS  (5.5)

mgS 

Fg ! mg
S S

continued



Gravitational Field of the Earth

Uniform #»g :
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is not a particle, it is possible to show that we can model the Earth as a particle for 
the purpose of finding the gravitational field that it creates.) Notice that the pres-
ence of the test particle is not necessary for the field to exist: the source particle 
creates the gravitational field. We can detect the presence of the field and measure 
its strength by placing a test particle in the field and noting the force exerted on it. 
In essence, we are describing the “effect” that any object (in this case, the Earth) 
has on the empty space around itself in terms of the force that would be present if a 
second object were somewhere in that space.2
 The concept of a field is at the heart of the particle in a field analysis model. 
In the general version of this model, a particle resides in an area of space in which 
a field exists. Because of the existence of the field and a property of the particle, 
the particle experiences a force. In the gravitational version of the particle in a 
field model discussed here, the type of field is gravitational, and the property of 
the particle that results in the force is the particle’s mass m. The mathematical 
representation of the gravitational version of the particle in a field model is Equa-
tion 5.5:

 F
S

g 5 mgS  (5.5)

In future chapters, we will see two other versions of the particle in a field model. In 
the electric version, the property of a particle that results in a force is electric charge : 
when a charged particle is placed in an electric field, it experiences a force. The mag-
nitude of the force is the product of the electric charge and the field, in analogy 
with the gravitational force in Equation 5.5. In the magnetic version of the particle 
in a field model, a charged particle is placed in a magnetic field. One other property 
of this particle is required for the particle to experience a force: the particle must 
have a velocity at some nonzero angle to the magnetic field. The electric and mag-
netic versions of the particle in a field model are critical to the understanding of 
the principles of electromagnetism, which we will study in Chapters 23–34.
 Because the gravitational force acting on the object has a magnitude GMEm/r 2 
(see Eq. 13.4), the gravitational field gS at a distance r from the center of the Earth is

 gS 5
F
S

g

m 5 2
GME

r 2  r̂ (13.8)

where r̂ is a unit vector pointing radially outward from the Earth and the negative 
sign indicates that the field points toward the center of the Earth as illustrated 
in Figure 13.4a. The field vectors at different points surrounding the Earth vary 
in both direction and magnitude. In a small region near the Earth’s surface, the 
downward field gS is approximately constant and uniform as indicated in Figure 
13.4b. Equation 13.8 is valid at all points outside the Earth’s surface, assuming the 
Earth is spherical. At the Earth’s surface, where r 5 RE, gS has a magnitude of 
9.80 N/kg. (The unit N/kg is the same as m/s2.)

2We shall return to this idea of mass affecting the space around it when we discuss Einstein’s theory of gravitation in 
Chapter 39.
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The field vectors point in the 
direction of the acceleration a 
particle would experience if it 
were placed in the field. The 
magnitude of the field vector at 
any location is the magnitude 
of the free-fall acceleration at 
that location.

Figure 13.4  (a) The gravitational 
field vectors in the vicinity of a 
uniform spherical mass such as the 
Earth vary in both direction and 
magnitude. (b) The gravitational 
field vectors in a small region near 
the Earth’s surface are uniform in 
both direction and magnitude.

Analysis Model   Particle in a Field (Gravitational)

Imagine an object with mass that we call a source particle. The source particle establishes a gravita-
tional field gS  throughout space. The gravitational field is evaluated by measuring the force on a 
test particle of mass m 0 and then using Equation 13.7. Now imagine a particle of mass m is placed 
in that field. The particle interacts with the gravitational field so that it experiences a gravitational 
force given by

 F
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g 5 mgS  (5.5)

mgS 

Fg ! mg
S S

continued

 13.3 Analysis Model: Particle in a Field (Gravitational) 393

is not a particle, it is possible to show that we can model the Earth as a particle for 
the purpose of finding the gravitational field that it creates.) Notice that the pres-
ence of the test particle is not necessary for the field to exist: the source particle 
creates the gravitational field. We can detect the presence of the field and measure 
its strength by placing a test particle in the field and noting the force exerted on it. 
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when a charged particle is placed in an electric field, it experiences a force. The mag-
nitude of the force is the product of the electric charge and the field, in analogy 
with the gravitational force in Equation 5.5. In the magnetic version of the particle 
in a field model, a charged particle is placed in a magnetic field. One other property 
of this particle is required for the particle to experience a force: the particle must 
have a velocity at some nonzero angle to the magnetic field. The electric and mag-
netic versions of the particle in a field model are critical to the understanding of 
the principles of electromagnetism, which we will study in Chapters 23–34.
 Because the gravitational force acting on the object has a magnitude GMEm/r 2 
(see Eq. 13.4), the gravitational field gS at a distance r from the center of the Earth is
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where r̂ is a unit vector pointing radially outward from the Earth and the negative 
sign indicates that the field points toward the center of the Earth as illustrated 
in Figure 13.4a. The field vectors at different points surrounding the Earth vary 
in both direction and magnitude. In a small region near the Earth’s surface, the 
downward field gS is approximately constant and uniform as indicated in Figure 
13.4b. Equation 13.8 is valid at all points outside the Earth’s surface, assuming the 
Earth is spherical. At the Earth’s surface, where r 5 RE, gS has a magnitude of 
9.80 N/kg. (The unit N/kg is the same as m/s2.)

2We shall return to this idea of mass affecting the space around it when we discuss Einstein’s theory of gravitation in 
Chapter 39.
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Imagine an object with mass that we call a source particle. The source particle establishes a gravita-
tional field gS  throughout space. The gravitational field is evaluated by measuring the force on a 
test particle of mass m 0 and then using Equation 13.7. Now imagine a particle of mass m is placed 
in that field. The particle interacts with the gravitational field so that it experiences a gravitational 
force given by
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continued
A test mass m experiences a force

#»

Fg = m #»g , where #»g is the field
vector.



Gravitational Potential

(Not gravitational potential energy!)

We can define a new quantity gravitational potential. Usually
written Φ or V .

The change in gravitational potential is equal to the integral of the
field along a path (with a minus sign).

∆Φ = −

∫
#»g · d #»s (1)

Notice: this is very similar to what we had for the relation between
force and potential energy:

∆U = −

∫
#»

F · d #»s (2)

In fact, eq (2) = m× eq (1)



Gravitational Potential

The gravitation potential can help us figure out what the
gravitational potential energy will be if we put a particle of mass m
at a particular point where the gravitational potential is Φ.

U = mΦ



Gravitational Potential

∆Φ = −

∫
#»g · d #»s

and so, the radial component of #»g can be found by:

gr = −
dΦ

dr

For the gravitational field around a point-like mass M,

#»g = −
GM

r2
r̂ , Φ = −

GM

r

#»

F = −
GMm

r2
r̂ , U = −

GMm

r



Gravitational Potential
A uniform field, as near the surface of the Earth.
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ELECTRIC POTENTIAL

on a charged particle as the particle m
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The orange dashed lines are surfaces of equal gravitational
potential.



Gravitational Potential

1Figure from http://www.schoolphysics.co.uk/



Gravitational Potential Energy

U(r) = −
GME

r
m = mΦE
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potential energy to be the same as that for which the force is zero. Taking Ui 5 0 at 
ri 5 ,̀ we obtain the important result

 U 1r 2 5 2
GMEm

r  (13.14)

This expression applies when the particle is separated from the center of the Earth 
by a distance r, provided that r $ RE. The result is not valid for particles inside the 
Earth, where r , RE. Because of our choice of Ui, the function U is always negative 
(Fig. 13.11).
 Although Equation 13.14 was derived for the particle–Earth system, a similar 
form of the equation can be applied to any two particles. That is, the gravitational 
potential energy associated with any pair of particles of masses m1 and m2 sepa-
rated by a distance r is

 U 5 2
Gm1m 2

r  (13.15)

This expression shows that the gravitational potential energy for any pair of par-
ticles varies as 1/r, whereas the force between them varies as 1/r 2. Furthermore, 
the potential energy is negative because the force is attractive and we have chosen 
the potential energy as zero when the particle separation is infinite. Because the 
force between the particles is attractive, an external agent must do positive work to 
increase the separation between the particles. The work done by the external agent 
produces an increase in the potential energy as the two particles are separated. 
That is, U becomes less negative as r increases.
 When two particles are at rest and separated by a distance r, an external agent has 
to supply an energy at least equal to 1Gm1m2/r to separate the particles to an infinite 
distance. It is therefore convenient to think of the absolute value of the potential 
energy as the binding energy of the system. If the external agent supplies an energy 
greater than the binding energy, the excess energy of the system is in the form of 
kinetic energy of the particles when the particles are at an infinite separation.
 We can extend this concept to three or more particles. In this case, the total 
potential energy of the system is the sum over all pairs of particles. Each pair con-
tributes a term of the form given by Equation 13.15. For example, if the system con-
tains three particles as in Figure 13.12,

 Utotal 5 U12 1 U13 1 U23 5 2G am1m2

r12
1

m1m3

r13
1

m2m3

r23
b 

The absolute value of Utotal represents the work needed to separate the particles by 
an infinite distance.

�W  Gravitational potential energy 
of the Earth–particle system

Earth

R E

O

GME m

U

r

R E

ME

!

The potential 
energy goes to 
zero as r 
approaches 
infinity.

Figure 13.11  Graph of the grav-
itational potential energy U versus 
r for the system of an object above 
the Earth’s surface. 

1

2

3r 13

r 12 r 23

Figure 13.12  Three interacting 
particles.

Example 13.6   The Change in Potential Energy

A particle of mass m is displaced through a small vertical distance Dy near the Earth’s surface. Show that in this situ-
ation the general expression for the change in gravitational potential energy given by Equation 13.13 reduces to the 
familiar relationship DU 5 mg Dy.

Conceptualize  Compare the two different situations for which we have developed expressions for gravitational poten-
tial energy: (1) a planet and an object that are far apart for which the energy expression is Equation 13.14 and (2) a 
small object at the surface of a planet for which the energy expression is Equation 7.19. We wish to show that these two 
expressions are equivalent.

S O L U T I O N

continued



Escape Speed
How fast does an object need to be projected with to escape
Earth’s gravity?

404 Chapter 13 Universal Gravitation

Escape Speed
Suppose an object of mass m is projected vertically upward from the Earth’s surface 
with an initial speed vi as illustrated in Figure 13.14. We can use energy considerations 
to find the value of the initial speed needed to allow the object to reach a certain dis-
tance away from the center of the Earth. Equation 13.16 gives the total energy of the 
system for any configuration. As the object is projected upward from the surface of 
the Earth, v 5 vi and r 5 ri 5 RE. When the object reaches its maximum altitude, v 5  
vf 5 0 and r 5 rf 5 rmax. Because the object–Earth system is isolated, we substitute 
these values into the isolated-system model expression given by Equation 13.17:

 1
2mvi

2 2
GME m

RE
5 2

GMEm
rmax

 

Solving for vi
2 gives

 vi
2 5 2GME a 1

RE
2

1
rmax

b (13.21)

For a given maximum altitude h 5 rmax 2 RE , we can use this equation to find the 
required initial speed.
 We are now in a position to calculate the escape speed, which is the minimum 
speed the object must have at the Earth’s surface to approach an infinite separa-
tion distance from the Earth. Traveling at this minimum speed, the object contin-
ues to move farther and farther away from the Earth as its speed asymptotically 
approaches zero. Letting rmax S ` in Equation 13.21 and identifying vi as vesc gives

 vesc 5 Å2GME

RE
  (13.22)

This expression for vesc is independent of the mass of the object. In other words, 
a spacecraft has the same escape speed as a molecule. Furthermore, the result is 
independent of the direction of the velocity and ignores air resistance.
 If the object is given an initial speed equal to vesc, the total energy of the system 
is equal to zero. Notice that when r S ,̀ the object’s kinetic energy and the poten-
tial energy of the system are both zero. If vi is greater than vesc, however, the total 
energy of the system is greater than zero and the object has some residual kinetic 
energy as r S .̀

Escape speed from X
the Earth

Use Equation 13.19 to find the difference in ener-
gies for the satellite–Earth system with the satellite 
at the initial and final radii:

DE 5 Ef 2 Ei 5 2
GMEm

2rf
2 a2

GMEm
2ri

b 5 2
GMEm

2
 a1

rf
2

1
ri
b

Substitute numerical values, using rf 5 4.22 3 107 m 
from Example 13.5:

DE 5 2
16.674 3 10211 N # m2/kg2 2 15.97 3 1024 kg 2 1470 kg 2

2
3a 1

4.22 3 107 m
2

1
6.65 3 106 m

b 5   1.19 3 1010 J

which is the energy equivalent of 89 gal of gasoline. NASA engineers must account for the changing mass of the space-
craft as it ejects burned fuel, something we have not done here. Would you expect the calculation that includes the 
effect of this changing mass to yield a greater or a lesser amount of energy required from the engine?

 

▸ 13.7 c o n t i n u e d
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Figure 13.14  An object of  
mass m projected upward from 
the Earth’s surface with an initial 
speed vi reaches a maximum  
altitude h.

Example 13.8   Escape Speed of a Rocket

Calculate the escape speed from the Earth for a 5 000-kg spacecraft and determine the kinetic energy it must have at 
the Earth’s surface to move infinitely far away from the Earth.

Pitfall Prevention 13.3
You Can’t Really Escape Although 
Equation 13.22 provides the 
“escape speed” from the Earth, 
complete escape from the Earth’s 
gravitational influence is impos-
sible because the gravitational 
force is of infinite range. 

(You solve this on the homework!)



Summary

• Newton’s Law of Universal Gravitation

• gravitational potential energy

• little g

Final Exam Tuesday, Mar 24, via Canvas & Zoom, be ready at
9am.

Exam Test Run, by Canvas & Zoom. Today 2pm.

(Uncollected) Homework Serway & Jewett,

• Ch 13, onward from page 410. Probs: 3, 61, 11, 15, 31, 35,
44, 55 (I recommend you try these before you start 4B)

1Ans:
#»

F = (−10.0 î + 5.93 ĵ)× 10−11 N


