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Last time

• images formed by spherical mirrors

• refracting surfaces



Overview

• refracting surfaces magnification

• lenses

• images formed by lenses



Refracting Surface Example (Problem 34)
A curved refracting surface separates a material with index of
refraction n1 from a material with index n2. Prove that the
magnification is given by M = −n1q

n2p
.

 Problems 1127

Section 36.3  Images Formed by Refraction
 29. One end of a long glass rod (n 5 1.50) is formed into 

a convex surface with a radius of curvature of mag-
nitude 6.00 cm. An object is located in air along the 
axis of the rod. Find the image positions correspond-
ing to object distances of (a) 20.0 cm, (b) 10.0 cm, and  
(c) 3.00 cm from the convex end of the rod.

 30. A cubical block of ice 50.0 cm on a side is placed over a 
speck of dust on a level floor. Find the location of the 
image of the speck as viewed from above. The index of 
refraction of ice is 1.309.

 31. The top of a swimming pool is at ground level. If the 
pool is 2.00 m deep, how far below ground level does 
the bottom of the pool appear to be located when  
(a) the pool is completely filled with water? (b) When it 
is filled halfway with water?

 32. The magnification of the image formed by a refracting 
surface is given by

M 5 2
n1q
n 2 p

  where n1, n2, p, and q are defined as they are for Fig-
ure 36.17 and Equation 36.8. A paperweight is made of 
a solid glass hemisphere with index of refraction 1.50. 
The radius of the circular cross section is 4.00 cm. The 
hemisphere is placed on its flat surface, with the center 
directly over a 2.50-mm-long line drawn on a sheet of 
paper. What is the length of this line as seen by some-
one looking vertically down on the hemisphere?

 33. A flint glass plate rests on the bottom of an aquarium 
tank. The plate is 8.00 cm thick (vertical dimension) 
and is covered with a layer of water 12.0 cm deep. Cal-
culate the apparent thickness of the plate as viewed 
from straight above the water.

 34. Figure P36.34 shows a curved surface separating a 
material with index of refraction n1 from a material 
with index n2. The surface forms an image I of object 
O. The ray shown in red passes through the surface 
along a radial line. Its angles of incidence and refrac-
tion are both zero, so its direction does not change at 
the surface. For the ray shown in blue, the direction 
changes according to Snell’s law, n1 sin u1 5 n2 sin u2. 
For paraxial rays, we assume u1 and u2 are small, so we 
may write n1 tan u1 5 n2 tan u2. The magnification is 
defined as M 5 h9/h. Prove that the magnification is 
given by M 5 2n1q/n2p.
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Figure P36.34

 35. A glass sphere (n 5 1.50) with a radius of 15.0 cm has a 
tiny air bubble 5.00 cm above its center. The sphere is 
viewed looking down along the extended radius con-
taining the bubble. What is the apparent depth of the 
bubble below the surface of the sphere?

S

M

 21. An object 10.0 cm tall is placed at the zero mark of a 
meterstick. A spherical mirror located at some point 
on the meterstick creates an image of the object that is 
upright, 4.00 cm tall, and located at the 42.0-cm mark 
of the meterstick. (a) Is the mirror convex or concave? 
(b) Where is the mirror? (c) What is the mirror’s focal 
length?

 22. A concave spherical mirror has a radius of curvature 
of magnitude 24.0 cm. (a) Determine the object posi-
tion for which the resulting image is upright and larger 
than the object by a factor of 3.00. (b) Draw a ray dia-
gram to determine the position of the image. (c) Is the 
image real or virtual?

 23. A dedicated sports car enthusiast polishes the inside 
and outside surfaces of a hubcap that is a thin section 
of a sphere. When she looks into one side of the hub-
cap, she sees an image of her face 30.0 cm in back of 
the hubcap. She then flips the hubcap over and sees 
another image of her face 10.0 cm in back of the hub-
cap. (a) How far is her face from the hubcap? (b) What 
is the radius of curvature of the hubcap?

 24. A convex spherical mirror has a focal length of mag-
nitude 8.00 cm. (a) What is the location of an object 
for which the magnitude of the image distance is one-
third the magnitude of the object distance? (b) Find 
the magnification of the image and (c) state whether it 
is upright or inverted.

 25. A spherical mirror is to be used to form an image 5.00 
times the size of an object on a screen located 5.00 m 
from the object. (a) Is the mirror required concave or 
convex? (b) What is the required radius of curvature of 
the mirror? (c) Where should the mirror be positioned 
relative to the object?

 26. Review. A ball is dropped at t 5 0 from rest 3.00 m 
directly above the vertex of a concave spherical mirror 
that has a radius of curvature of magnitude 1.00 m and 
lies in a horizontal plane. (a) Describe the motion of 
the ball’s image in the mirror. (b) At what instant or 
instants do the ball and its image coincide?

 27. You unconsciously estimate the distance to an object 
from the angle it subtends in your field of view. This 
angle u in radians is related to the linear height of 
the object h and to the distance d by u 5 h/d. Assume 
you are driving a car and another car, 1.50 m high, is  
24.0 m behind you. (a)  Suppose your car has a flat 
passenger-side rearview mirror, 1.55 m from your eyes. 
How far from your eyes is the image of the car follow-
ing you? (b) What angle does the image subtend in 
your field of view? (c) What If? Now suppose your car 
has a convex rearview mirror with a radius of curva-
ture of magnitude 2.00 m (as suggested in Fig. 36.15). 
How far from your eyes is the image of the car behind 
you? (d) What angle does the image subtend at your 
eyes? (e) Based on its angular size, how far away does 
the following car appear to be?

 28. A man standing 1.52 m in front of a shaving mirror pro-
duces an inverted image 18.0 cm in front of it. How close 
to the mirror should he stand if he wants to form an 
upright image of his chin that is twice the chin’s actual 
size?
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Hint: For paraxial rays, we assume θ1 and θ2 are small, so we may
write Snell’s Law as n1 tan θ1 = n2 tan θ2.

For small angles:

n1 tan θ1 = n2 tan θ2

n1
h

p
= n2

(−h ′)

q
⇒ M =

h ′

h
= −

n1q

n2p
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Images Formed by Refraction

n1
p

+
n2
q

=
n2 − n1

R

See Lab 7 lecture for some more examples.



Images Formed by Thin Lenses

In lab we derived the thin lens equation

1

f
=

1

p
+

1

q

(Notice it is the same as the mirror equation!)

And the lens maker’s equation

1

f
= (n − 1)

(
1

R1
−

1

R2

)

We did this by considering each side of the lens as a refracting
surface.



Images Formed by Refraction

n1
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+
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Reminder: Magnification with a Lens

By definition,

M =
h ′

h

And it follows from simple trigonometry that

M = −
q

p

Same as for a mirror!



Sign Conventions for Lenses!

1

p
+

1

q
=

1

f

Variable is Positive is Negative

p object in front of surface [virtual object]1

q image behind lens image in front of lens
(real) (virtual)

h ′ (and M) image upright image inverted

R1 and R2 object faces convex surf. object faces concave surf.
(C behind surface) (C in front of surface)

f lens is converging lens is diverging

1Useful in derivations.



Understanding the Sign of f

1

f
= (n − 1)

(
1

R1
−

1

R2

)

Always n > 1, so (n − 1) is positive (if zero, there’s no lens!).

(
1
R1

− 1
R2

)
could be positive or negative, depending on the signs

and magnitudes of R1 and R2.



Sign Examples: Converging Lenses

1106 Chapter 36 Image Formation

 Figure 36.24 is useful for obtaining the signs of p and q, and Table 36.3 gives the 
sign conventions for thin lenses. These sign conventions are the same as those for 
refracting surfaces (see Table 36.2).
 Various lens shapes are shown in Figure 36.25. Notice that a converging lens is 
thicker at the center than at the edge, whereas a diverging lens is thinner at the 
center than at the edge.

Magnification of Images
Consider a thin lens through which light rays from an object pass. As with mirrors 
(Eq. 36.2), a geometric construction shows that the lateral magnification of the 
image is

 M 5
h r
h

5 2
q
p

 (36.17)

From this expression, it follows that when M is positive, the image is upright and on 
the same side of the lens as the object. When M is negative, the image is inverted 
and on the side of the lens opposite the object.

Ray Diagrams for Thin Lenses
Ray diagrams are convenient for locating the images formed by thin lenses or sys-
tems of lenses. They also help clarify our sign conventions. Figure 36.26  shows such 
diagrams for three single-lens situations.
 To locate the image of a converging lens (Figs. 36.26a and 36.26b), the following 
three rays are drawn from the top of the object:

Front, or 
virtual, side

Incident light

Back, or
real, side

p negative
q positive

p positive
q negative

Refracted light

Converging or 
diverging lens

Figure 36.24  A diagram for 
obtaining the signs of p and q for 
a thin lens. (This diagram also 
applies to a refracting surface.)

Table 36.3 Sign Conventions for Thin Lenses
Quantity Positive When . . . Negative When . . .

Object location (p) object is in front of lens object is in back of lens
  (real object).  (virtual object).
Image location (q) image is in back of lens image is in front of lens
  (real image).  (virtual image).
Image height (h9) image is upright. image is inverted.
R1 and R 2 center of curvature is in back center of curvature is in front
  of lens.  of lens.
Focal length ( f ) a converging lens. a diverging lens.

Plano-
convex

Convex-
concave

Biconvex

Biconcave Convex-
concave

Plano-
concave

a

b

Figure 36.25  Various lens 
shapes. (a) Converging lenses 
have a positive focal length and 
are thickest at the middle.  
(b) Diverging lenses have a  
negative focal length and are 
thickest at the edges.
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When the object is in front of and outside 
the focal point of a converging lens, the 
image is real, inverted, and on the back side 
of the lens.

When the object is between the 
focal point and a converging lens, 
the image is virtual, upright, larger 
than the object, and on the front 
side of the lens.

When an object is anywhere in 
front of a diverging lens, the image 
is virtual, upright, smaller than the 
object, and on the front side of the 
lens.

Figure 36.26 Ray diagrams for locating the image formed by a thin lens.

R1 R2 R1 R2 R1 R2

R1 +ve R1 +ve R1 +ve

R2 −ve R2 +ve R2 ∞
R1 < R2

f +ve f +ve f +ve



Sign Examples: Diverging Lenses

1106 Chapter 36 Image Formation

 Figure 36.24 is useful for obtaining the signs of p and q, and Table 36.3 gives the 
sign conventions for thin lenses. These sign conventions are the same as those for 
refracting surfaces (see Table 36.2).
 Various lens shapes are shown in Figure 36.25. Notice that a converging lens is 
thicker at the center than at the edge, whereas a diverging lens is thinner at the 
center than at the edge.

Magnification of Images
Consider a thin lens through which light rays from an object pass. As with mirrors 
(Eq. 36.2), a geometric construction shows that the lateral magnification of the 
image is

 M 5
h r
h

5 2
q
p

 (36.17)

From this expression, it follows that when M is positive, the image is upright and on 
the same side of the lens as the object. When M is negative, the image is inverted 
and on the side of the lens opposite the object.

Ray Diagrams for Thin Lenses
Ray diagrams are convenient for locating the images formed by thin lenses or sys-
tems of lenses. They also help clarify our sign conventions. Figure 36.26  shows such 
diagrams for three single-lens situations.
 To locate the image of a converging lens (Figs. 36.26a and 36.26b), the following 
three rays are drawn from the top of the object:

Front, or 
virtual, side

Incident light

Back, or
real, side

p negative
q positive

p positive
q negative

Refracted light

Converging or 
diverging lens

Figure 36.24  A diagram for 
obtaining the signs of p and q for 
a thin lens. (This diagram also 
applies to a refracting surface.)

Table 36.3 Sign Conventions for Thin Lenses
Quantity Positive When . . . Negative When . . .

Object location (p) object is in front of lens object is in back of lens
  (real object).  (virtual object).
Image location (q) image is in back of lens image is in front of lens
  (real image).  (virtual image).
Image height (h9) image is upright. image is inverted.
R1 and R 2 center of curvature is in back center of curvature is in front
  of lens.  of lens.
Focal length ( f ) a converging lens. a diverging lens.

Plano-
convex

Convex-
concave

Biconvex

Biconcave Convex-
concave

Plano-
concave

a

b

Figure 36.25  Various lens 
shapes. (a) Converging lenses 
have a positive focal length and 
are thickest at the middle.  
(b) Diverging lenses have a  
negative focal length and are 
thickest at the edges.
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When the object is in front of and outside 
the focal point of a converging lens, the 
image is real, inverted, and on the back side 
of the lens.

When the object is between the 
focal point and a converging lens, 
the image is virtual, upright, larger 
than the object, and on the front 
side of the lens.

When an object is anywhere in 
front of a diverging lens, the image 
is virtual, upright, smaller than the 
object, and on the front side of the 
lens.

Figure 36.26 Ray diagrams for locating the image formed by a thin lens.
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Focal Length Question

Quick Quiz 36.6 What is the focal length of a pane of window
glass?

(A) zero

(B) infinity

(C) the thickness of the glass

(D) impossible to determine



Focal Length Question

Quick Quiz 36.6 What is the focal length of a pane of window
glass?

(A) zero

(B) infinity←
(C) the thickness of the glass

(D) impossible to determine



Ray Diagrams for Converging Lenses

Again, draw rays whose behavior we know.

Rays parallel to the principle axis are refracted through the focal
point.

Rays that travel through the center of the lens are (effectively) not
refracted.

For Converging Lenses:

1 Draw a ray from the top of the object parallel to the principle
axis refracted through the focal point F .

2 Draw a ray from the top of the object through the focal point
(or back to the focal point) and refracted parallel to the
principal axis.

3 Draw a ray from the top of the object through the center of
the lens, and continuing in a straight line.



Ray Diagrams for Converging Lenses

1106 Chapter 36 Image Formation

 Figure 36.24 is useful for obtaining the signs of p and q, and Table 36.3 gives the 
sign conventions for thin lenses. These sign conventions are the same as those for 
refracting surfaces (see Table 36.2).
 Various lens shapes are shown in Figure 36.25. Notice that a converging lens is 
thicker at the center than at the edge, whereas a diverging lens is thinner at the 
center than at the edge.

Magnification of Images
Consider a thin lens through which light rays from an object pass. As with mirrors 
(Eq. 36.2), a geometric construction shows that the lateral magnification of the 
image is

 M 5
h r
h

5 2
q
p

 (36.17)

From this expression, it follows that when M is positive, the image is upright and on 
the same side of the lens as the object. When M is negative, the image is inverted 
and on the side of the lens opposite the object.

Ray Diagrams for Thin Lenses
Ray diagrams are convenient for locating the images formed by thin lenses or sys-
tems of lenses. They also help clarify our sign conventions. Figure 36.26  shows such 
diagrams for three single-lens situations.
 To locate the image of a converging lens (Figs. 36.26a and 36.26b), the following 
three rays are drawn from the top of the object:

Front, or 
virtual, side

Incident light

Back, or
real, side

p negative
q positive

p positive
q negative

Refracted light

Converging or 
diverging lens

Figure 36.24  A diagram for 
obtaining the signs of p and q for 
a thin lens. (This diagram also 
applies to a refracting surface.)

Table 36.3 Sign Conventions for Thin Lenses
Quantity Positive When . . . Negative When . . .

Object location (p) object is in front of lens object is in back of lens
  (real object).  (virtual object).
Image location (q) image is in back of lens image is in front of lens
  (real image).  (virtual image).
Image height (h9) image is upright. image is inverted.
R1 and R 2 center of curvature is in back center of curvature is in front
  of lens.  of lens.
Focal length ( f ) a converging lens. a diverging lens.

Plano-
convex

Convex-
concave

Biconvex

Biconcave Convex-
concave

Plano-
concave

a

b

Figure 36.25  Various lens 
shapes. (a) Converging lenses 
have a positive focal length and 
are thickest at the middle.  
(b) Diverging lenses have a  
negative focal length and are 
thickest at the edges.
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When the object is in front of and outside 
the focal point of a converging lens, the 
image is real, inverted, and on the back side 
of the lens.

When the object is between the 
focal point and a converging lens, 
the image is virtual, upright, larger 
than the object, and on the front 
side of the lens.

When an object is anywhere in 
front of a diverging lens, the image 
is virtual, upright, smaller than the 
object, and on the front side of the 
lens.

Figure 36.26 Ray diagrams for locating the image formed by a thin lens.



Ray Diagrams for Converging Lenses

There are two cases of interest:

Object is beyond focal point

1106 Chapter 36 Image Formation

 Figure 36.24 is useful for obtaining the signs of p and q, and Table 36.3 gives the 
sign conventions for thin lenses. These sign conventions are the same as those for 
refracting surfaces (see Table 36.2).
 Various lens shapes are shown in Figure 36.25. Notice that a converging lens is 
thicker at the center than at the edge, whereas a diverging lens is thinner at the 
center than at the edge.

Magnification of Images
Consider a thin lens through which light rays from an object pass. As with mirrors 
(Eq. 36.2), a geometric construction shows that the lateral magnification of the 
image is
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From this expression, it follows that when M is positive, the image is upright and on 
the same side of the lens as the object. When M is negative, the image is inverted 
and on the side of the lens opposite the object.

Ray Diagrams for Thin Lenses
Ray diagrams are convenient for locating the images formed by thin lenses or sys-
tems of lenses. They also help clarify our sign conventions. Figure 36.26  shows such 
diagrams for three single-lens situations.
 To locate the image of a converging lens (Figs. 36.26a and 36.26b), the following 
three rays are drawn from the top of the object:

Front, or 
virtual, side

Incident light

Back, or
real, side

p negative
q positive

p positive
q negative

Refracted light

Converging or 
diverging lens

Figure 36.24  A diagram for 
obtaining the signs of p and q for 
a thin lens. (This diagram also 
applies to a refracting surface.)

Table 36.3 Sign Conventions for Thin Lenses
Quantity Positive When . . . Negative When . . .

Object location (p) object is in front of lens object is in back of lens
  (real object).  (virtual object).
Image location (q) image is in back of lens image is in front of lens
  (real image).  (virtual image).
Image height (h9) image is upright. image is inverted.
R1 and R 2 center of curvature is in back center of curvature is in front
  of lens.  of lens.
Focal length ( f ) a converging lens. a diverging lens.

Plano-
convex

Convex-
concave

Biconvex

Biconcave Convex-
concave

Plano-
concave

a

b

Figure 36.25  Various lens 
shapes. (a) Converging lenses 
have a positive focal length and 
are thickest at the middle.  
(b) Diverging lenses have a  
negative focal length and are 
thickest at the edges.

a cb

O F1

Front

I

1

2
3

I

Front BackBack

O

1

3

2

O

Front Back

I

1

3

2F2

F1

F2 F2

F1

When the object is in front of and outside 
the focal point of a converging lens, the 
image is real, inverted, and on the back side 
of the lens.

When the object is between the 
focal point and a converging lens, 
the image is virtual, upright, larger 
than the object, and on the front 
side of the lens.

When an object is anywhere in 
front of a diverging lens, the image 
is virtual, upright, smaller than the 
object, and on the front side of the 
lens.

Figure 36.26 Ray diagrams for locating the image formed by a thin lens.
Image is real and inverted.

If p > 2f , the image is diminished. If f < p < 2f the image is
enlarged.



Object Beyond Focal Point

The object is the Sun.

1Photo from
http://www.mahalo.com/how-to-start-a-fire-with-a-magnifying-glass



Ray Diagrams for Converging Lenses

Object is closer than the focal point

1106 Chapter 36 Image Formation

 Figure 36.24 is useful for obtaining the signs of p and q, and Table 36.3 gives the 
sign conventions for thin lenses. These sign conventions are the same as those for 
refracting surfaces (see Table 36.2).
 Various lens shapes are shown in Figure 36.25. Notice that a converging lens is 
thicker at the center than at the edge, whereas a diverging lens is thinner at the 
center than at the edge.

Magnification of Images
Consider a thin lens through which light rays from an object pass. As with mirrors 
(Eq. 36.2), a geometric construction shows that the lateral magnification of the 
image is
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 (36.17)

From this expression, it follows that when M is positive, the image is upright and on 
the same side of the lens as the object. When M is negative, the image is inverted 
and on the side of the lens opposite the object.

Ray Diagrams for Thin Lenses
Ray diagrams are convenient for locating the images formed by thin lenses or sys-
tems of lenses. They also help clarify our sign conventions. Figure 36.26  shows such 
diagrams for three single-lens situations.
 To locate the image of a converging lens (Figs. 36.26a and 36.26b), the following 
three rays are drawn from the top of the object:

Front, or 
virtual, side

Incident light

Back, or
real, side

p negative
q positive

p positive
q negative

Refracted light

Converging or 
diverging lens

Figure 36.24  A diagram for 
obtaining the signs of p and q for 
a thin lens. (This diagram also 
applies to a refracting surface.)

Table 36.3 Sign Conventions for Thin Lenses
Quantity Positive When . . . Negative When . . .

Object location (p) object is in front of lens object is in back of lens
  (real object).  (virtual object).
Image location (q) image is in back of lens image is in front of lens
  (real image).  (virtual image).
Image height (h9) image is upright. image is inverted.
R1 and R 2 center of curvature is in back center of curvature is in front
  of lens.  of lens.
Focal length ( f ) a converging lens. a diverging lens.

Plano-
convex

Convex-
concave

Biconvex

Biconcave Convex-
concave
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b

Figure 36.25  Various lens 
shapes. (a) Converging lenses 
have a positive focal length and 
are thickest at the middle.  
(b) Diverging lenses have a  
negative focal length and are 
thickest at the edges.
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When the object is in front of and outside 
the focal point of a converging lens, the 
image is real, inverted, and on the back side 
of the lens.

When the object is between the 
focal point and a converging lens, 
the image is virtual, upright, larger 
than the object, and on the front 
side of the lens.

When an object is anywhere in 
front of a diverging lens, the image 
is virtual, upright, smaller than the 
object, and on the front side of the 
lens.

Figure 36.26 Ray diagrams for locating the image formed by a thin lens.

Image is virtual, upright, and magnified.



Object Closer Than the Focal Point

The object is the stamp.



Summary

• refracting surfaces magnification

• lenses

• images formed by lenses

Final Exam 9:15-11:15am, Tuesday, June 23.


