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Last time

• expressing vectors

• trigonometry



Overview

• some vector operations

• vector addition



Vectors Properties and Operations: Addition

To add vectors, break each vector into components and sum each
component independently.

 3.4 Components of a Vector and Unit Vectors 67

which lies on the x axis and has magnitude 0Ax 0 . Likewise, A
S

y 5 Ay j
S

 is the com-
ponent vector of magnitude 0Ay 0  lying on the y axis. Therefore, the unit-vector 
 notation for the vector A

S
 is

 A
S

5 Ax î 1 Ay ĵ (3.12)

For example, consider a point lying in the xy plane and having Cartesian coordi-
nates (x, y) as in Figure 3.15. The point can be specified by the position vector rS, 
which in unit-vector form is given by

 rS 5 x î 1 y ĵ (3.13)

This notation tells us that the components of rS are the coordinates x and y.
 Now let us see how to use components to add vectors when the graphical method 
is not sufficiently accurate. Suppose we wish to add vector B

S
 to vector A

S
 in Equa-

tion 3.12, where vector B
S

 has components Bx and By. Because of the bookkeeping 
convenience of the unit vectors, all we do is add the x and y components separately. 
The resultant vector R

S
5 A

S
1 B

S
 is

R
S

5 1Ax î 1 Ay  ĵ 2 1 1Bx î 1 By  ĵ 2
or

 R
S

5 1Ax 1 Bx 2  î 1 1Ay 1 By 2  ĵ (3.14)

Because R
S

5 Rx  î 1 Ry  ĵ, we see that the components of the resultant vector are

Rx 5 Ax 1 Bx

 Ry 5 Ay 1 By 
(3.15)

Therefore, we see that in the component method of adding vectors, we add all the 
x components together to find the x component of the resultant vector and use the 
same process for the y components. We can check this addition by components with 
a geometric construction as shown in Figure 3.16.
 The magnitude of R

S
 and the angle it makes with the x axis are obtained from its 

components using the relationships

    R 5 "Rx
2 1 Ry

2 5 "1Ax 1 Bx 22 1 1Ay 1 By 22 (3.16)

 tan u 5
Ry

Rx
5

Ay 1 By

Ax 1 Bx
 (3.17)

 At times, we need to consider situations involving motion in three component 
directions. The extension of our methods to three-dimensional vectors is straight-
forward. If A

S
 and B

S
 both have x, y, and z components, they can be expressed in 

the form

 A
S

5 Ax î 1 Ay  ĵ 1 Az k̂ (3.18)

 B
S

5 Bx î 1 By  ĵ 1 Bz k̂ (3.19)

The sum of A
S

 and B
S

 is

 R
S

5 1Ax 1 Bx 2  î 1 1Ay 1 By 2  ĵ 1 1Az 1 Bz 2  k̂ (3.20)

Notice that Equation 3.20 differs from Equation 3.14: in Equation 3.20, the resul-
tant vector also has a z component Rz ! Az " Bz. If a vector R

S
 has x, y, and z com-

ponents, the magnitude of the vector is R 5 !Rx
2 1 Ry

2 1 Rz
2. The angle ux  

that R
S

 makes with the x axis is found from the expression cos ux ! Rx/R, with simi-
lar expressions for the angles with respect to the y and z axes.
 The extension of our method to adding more than two vectors is also straight-
forward. For example, A

S
1 B

S
1 C

S
5 1Ax 1 Bx 1 Cx 2  î 1 1Ay 1 By 1 Cy 2  ĵ 11Az 1 Bz 1 Cz 2  k̂. We have described adding displacement vectors in this section 

because these types of vectors are easy to visualize. We can also add other types of 
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Figure 3.15  The point whose 
Cartesian coordinates are (x, y) 
can be represented by the position 
vector rS 5 x  î 1 y  ĵ.
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Figure 3.16 This geometric 
construction for the sum of two 
vectors shows the relationship 
between the components of the 
resultant R

S
 and the components 

of the individual vectors.

Pitfall Prevention 3.3
Tangents on Calculators Equa-
tion 3.17 involves the calculation 
of an angle by means of a tangent 
function. Generally, the inverse 
tangent function on calculators 
provides an angle between #90° 
and "90°. As a consequence, if 
the vector you are studying lies in 
the second or third quadrant, the 
angle measured from the positive 
x axis will be the angle your calcu-
lator returns plus 180°.



Vector Addition Example
A hiker begins a trip by first walking 25.0 km southeast from her
car. She stops and sets up her tent for the night. On the second
day, she walks 40.0 km in a direction 60.0◦ north of east, at which
point she discovers a forest ranger’s tower. What is the magnitude
and direction of the hiker’s resultant displacement

#»

R for the trip?

 3.4  Components of a Vector and Unit Vectors 69

Example 3.5   Taking a Hike

A hiker begins a trip by first walking 25.0 km southeast from her car. She stops 
and sets up her tent for the night. On the second day, she walks 40.0 km in a 
direction 60.0° north of east, at which point she discovers a forest ranger’s tower.

(A)  Determine the components of the hiker’s displacement for each day.

Conceptualize  We conceptualize the problem by drawing a sketch as in Figure 
3.17. If we denote the displacement vectors on the first and second days by A

S
 and 

B
S

, respectively, and use the car as the origin of coordinates, we obtain the vec-
tors shown in Figure 3.17. The sketch allows us to estimate the resultant vector as 
shown.

Categorize Having drawn the resultant R
S

, we can now categorize this problem 
as one we’ve solved before: an addition of two vectors. You should now have a 
hint of the power of categorization in that many new problems are very similar to 
problems we have already solved if we are careful to conceptualize them. Once 
we have drawn the displacement vectors and categorized the problem, this problem is no longer about a hiker, a walk, 
a car, a tent, or a tower. It is a problem about vector addition, one that we have already solved.

Analyze  Displacement A
S

 has a magnitude of 25.0 km and is directed 45.0° below the positive x axis.

S O L U T IO N

Categorize Despite the difficulty in conceptualizing in three dimensions, we can categorize this problem as a substitu-
tion problem because of the careful bookkeeping methods that we have developed for vectors. The mathematical manip-
ulation keeps track of this motion along the three perpendicular axes in an organized, compact way, as we see below.

To find the resultant displacement, 
add the three vectors:

D rS 5 D rS1 1 D rS2 1 D rS3

5 115 1 23 2 13 2  î cm 1 130 2 14 1 15 2  ĵ cm 1 112 2 5.0 1 0 2  k̂  cm

5 125 î 1 31 ĵ 1 7.0 k̂ 2  cm

Find the magnitude of the resultant 
vector:

 R 5 "R x
2 1 R y

2 1 R z
2

5 "125 cm 22 1 131 cm 22 1 17.0 cm 22 5   40 cm

y (km)

x (km)
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Figure 3.17   (Example 3.5) The 
total displacement of the hiker is  
the vector R

S
5 A

S
1 B

S
.

Find the components of A
S

 using Equations 3.8 and 3.9: Ax 5 A cos 1245.08 2 5 125.0 km 2 10.707 2 5   17.7 km

Ay 5 A sin 1245.08 2 5 125.0 km 2 120.707 2 5   217.7 km

The negative value of Ay indicates that the hiker walks in the negative y direction on the first day. The signs of Ax and 
Ay also are evident from Figure 3.17.

Find the components of B
S

 using Equations 3.8 and 3.9: Bx 5 B cos 60.08 5 140.0 km 2 10.500 2 5   20.0 km

By 5 B sin 60.08 5 140.0 km 2 10.866 2 5   34.6 km

(B)  Determine the components of the hiker’s resultant displacement R
S

 for the trip. Find an expression for R
S

 in 
terms of unit vectors.

S O L U T IO N

Use Equation 3.15 to find the components of the resul-
tant displacement R

S
5 A

S
1 B

S
:

Rx 5 Ax 1 Bx 5 17.7 km 1 20.0 km 5   37.7 km

 Ry 5 Ay 1 By 5 217.7 km 1 34.6 km 5   17.0 km

 

▸ 3.4 c o n t i n u e d

continued

0Based on S&J Example 3.5, pg 69.
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Vector Addition Example
A hiker begins a trip by first walking 25.0 km southeast from her
car. She stops and sets up her tent for the night. On the second
day, she walks 40.0 km in a direction 60.0◦ north of east, at which
point she discovers a forest ranger’s tower. What is the magnitude
and direction of the hiker’s resultant displacement

#»

R for the trip?

Ax = A cos(−45.0◦) = 17.7 km
Ay = A sin(−45.0◦) = −17.7 km

Bx = B cos(60.0◦) = 20.0 km
Ay = A sin(60.0◦) = 34.6 km

#»

R = (Ax + Bx )̂i+ (Ay + By )̂j

= (17.7 + 20)̂i+ (−17.7 + 34.6)̂j km

= 37.7̂i+ 17.0̂j km

= 41.3 km at 24.2◦ north of east

0Based on S&J Example 3.5, pg 69.
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Vectors Properties and Operations
Properties of Addition

• #»

A +
#»

B =
#»

B +
#»

A (commutative)

• (
#»

A +
#»

B) +
#»

C =
#»

A + (
#»

B +
#»

C) (associative)
 3.3 Some Properties of Vectors 63

 When three or more vectors are added, their sum is independent of the way in 
which the individual vectors are grouped together. A geometric proof of this rule 
for three vectors is given in Figure 3.9. This property is called the associative law of 
addition:

 A
S

1 1 B
S

1 C
S 2 5 1 A

S
1 B

S 2 1 C
S

 (3.6)

 In summary, a vector quantity has both magnitude and direction and also obeys 
the laws of vector addition as described in Figures 3.6 to 3.9. When two or more 
vectors are added together, they must all have the same units and they must all 
be the same type of quantity. It would be meaningless to add a velocity vector (for 
example, 60 km/h to the east) to a displacement vector (for example, 200 km to the 
north) because these vectors represent different physical quantities. The same rule 
also applies to scalars. For example, it would be meaningless to add time intervals 
to temperatures.

Negative of a Vector
The negative of the vector A

S
 is defined as the vector that when added to A

S
 gives 

zero for the vector sum. That is, A
S

1 12 A
S 2 5 0. The vectors A

S
 and 2 A

S
 have the 

same magnitude but point in opposite directions.

Subtracting Vectors
The operation of vector subtraction makes use of the definition of the negative of a 
vector. We define the operation A

S
2 B

S
 as vector 2 B

S
 added to vector A

S
:

 A
S

2 B
S

5 A
S

1 12 B
S 2  (3.7)

The geometric construction for subtracting two vectors in this way is illustrated in 
Figure 3.10a.
 Another way of looking at vector subtraction is to notice that the difference 
A
S

2 B
S

 between two vectors A
S

 and B
S

 is what you have to add to the second vector  

WW Associative law of addition
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Figure 3.9  Geometric construc-
tions for verifying the associative 
law of addition.
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Figure 3.10   (a) Subtracting 
vector B

S
 from vector A

S
. The vec-

tor 2 B
S

 is equal in magnitude to 
vector B

S
 and points in the oppo-

site direction. (b) A second way of 
looking at vector subtraction.

62 Chapter 3 Vectors

Q uick Quiz 3.1  Which of the following are vector quantities and which are scalar 
quantities? (a) your age (b) acceleration (c) velocity (d) speed (e) mass

3.3 Some Properties of Vectors
In this section, we shall investigate general properties of vectors representing physi-
cal quantities. We also discuss how to add and subtract vectors using both algebraic 
and geometric methods.

Equality of Two Vectors
For many purposes, two vectors A

S
 and B

S
 may be defined to be equal if they have 

the same magnitude and if they point in the same direction. That is, A
S

5 B
S

 only if  
A ! B and if A

S
 and B

S
 point in the same direction along parallel lines. For exam-

ple, all the vectors in Figure 3.5 are equal even though they have different starting 
points. This property allows us to move a vector to a position parallel to itself in a 
diagram without affecting the vector.

Adding Vectors
The rules for adding vectors are conveniently described by a graphical method. 
To add vector B

S
 to vector A

S
, first draw vector A

S
 on graph paper, with its magni-

tude represented by a convenient length scale, and then draw vector B
S

 to the same 
scale, with its tail starting from the tip of A

S
, as shown in Figure 3.6. The resultant 

vector R
S

5 A
S

1 B
S

 is the vector drawn from the tail of A
S

 to the tip of B
S

.
 A geometric construction can also be used to add more than two vectors as  
shown in Figure 3.7 for the case of four vectors. The resultant vector R

S
 5 A

S
 1 B

S
 1  

C
S

 1 D
S

 is the vector that completes the polygon. In other words, R
S

 is the vector 
drawn from the tail of the first vector to the tip of the last vector. This technique for 
adding vectors is often called the “head to tail method.”
 When two vectors are added, the sum is independent of the order of the addi-
tion. (This fact may seem trivial, but as you will see in Chapter 11, the order is 
important when vectors are multiplied. Procedures for multiplying vectors are dis-
cussed in Chapters 7 and 11.) This property, which can be seen from the geometric 
construction in Figure 3.8, is known as the commutative law of addition:

 A
S

1 B
S

5 B
S

1 A
S

 (3.5)Commutative law of addition X

O

y

x

Figure 3.5  These four vectors 
are equal because they have equal 
lengths and point in the same 
direction.
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Figure 3.7 Geometric construc-
tion for summing four vectors. The  
resultant vector R

S
 is by definition 

the one that completes the polygon.
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Figure 3.8 This construction 
shows that A

S
1 B

S
5 B

S
1 A

S
 or, in 

other words, that vector addition is 
commutative.

Pitfall Prevention 3.1
Vector Addition Versus  
Scalar Addition Notice that 
A
S

1 B
S

5 C
S

 is very different 
from A " B ! C. The first equa-
tion is a vector sum, which must 
be handled carefully, such as  
with the graphical method. The 
second equation is a simple alge-
braic addition of numbers that  
is handled with the normal rules 
of arithmetic.

Figure 3.6 When vector B
S

 is 
added to vector A

S
, the resultant R

S
 is 

the vector that runs from the tail of 
A
S

 to the tip of B
S
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Thinking about Vectors

What can you say about two vectors that add together to equal
zero?

When can a nonzero vector have a zero horizontal component?
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Vectors Properties and Operations

Negation
If #»u = − #»v then #»u has the same magnitude as #»v but points in

the opposite direction.

Subtraction
#»

A −
#»

B =
#»

A + (−
#»

B)

 3.3 Some Properties of Vectors 63

 When three or more vectors are added, their sum is independent of the way in 
which the individual vectors are grouped together. A geometric proof of this rule 
for three vectors is given in Figure 3.9. This property is called the associative law of 
addition:

 A
S

1 1 B
S

1 C
S 2 5 1 A

S
1 B

S 2 1 C
S

 (3.6)

 In summary, a vector quantity has both magnitude and direction and also obeys 
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to temperatures.
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S
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S
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S
 and 2 A

S
 have the 

same magnitude but point in opposite directions.
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Vectors Properties and Operations

There are several different multiplicative operations on vectors.

For right now, we will only talk about how to multiply a vector by
a scalar.

Multiplication by a scalar
Suppose we want to multiply a scalar, like the number 5, by the
vector:

#»v = 2 î+ 1 ĵ

The result is:

5 #»v = (5 × 2) î+ (5 × 1) ĵ = 10 î+ 5 ĵ

Each component is multiplied by the scalar. The direction of the
vector doesn’t change, but its magnitude increases by a factor of 5.
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The result is:
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Adding Vectors Graphically
We will draw the vectors to scale on graph paper.

1 Pick a scale so the vectors fit on the paper (eg. 1 cm = 2 km).

2 Draw axes.

3 Starting at the origin, use the protractor to find the angle of
the first vector (

#»

A) from the x-direction, then using the ruler,
draw its length to scale and in the proper direction.

4 From the end of the first vector, draw the second vector (
#»

B)
to the same scale and in the proper direction. The angle of

#»

B
is measured from the x-direction.
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Adding Vectors Graphically
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5 The resultant vector
#»

R =
#»

A +
#»

B is the vector drawn from the
tail of vector

#»

A to the tip of vector
#»

B.

6 Measure the length of the vector
#»

R on your graph paper with
your ruler. Find the magnitude of the resultant vector

#»

R
from your chosen scale. Measure its direction (relative to the
x-direction) with a protractor.



Vector Assignment

For this problem, first add the vectors graphically (pencil and
graph paper, using your ruler and protractor) to find the
magnitude and direction of the resultant vector,

#»

R.

Then calculate the magnitude and direction of the resultant
vector by the finding and adding the components of each vector.
Check that your answers agree.

A car travels 20.0 km at 60.0◦ north of west, then 35.0 km
at 45.0◦ north of east. Find the resultant displacement of
the car.



Summary

• vector operations

• vector addition

Quiz Thursday.

Homework

• finish off the Vector Assignment, to turn in Thursday

Walker Physics:

• Ch 3, onward from page 76. Questions: 7, 8, 9. Problems: 1,
17, 25, 77


