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Public Service Announcement: Vote!

https://registertovote.ca.gov/

Today is the deadline to register to vote in this election.

However, if you miss the deadline, you can still vote
“conditionally”.

Election day: Tuesday, March 3. (“Super Tuesday”)



Last time

• max height of a projectile



Overview

• time-of-flight of a projectile

• range of a projectile

• trajectory of a projectile



Not Using the Max Height Equation

“How high was the ball when it passed over the tree?” Suppose
v0 = 13.5 m/s, θ = 54.0◦ and tree is 14.0 m from golfer.
How can we find the answer?

90 CHAPTER 4 TWO-DIMENSIONAL KINEMATICS

EXAMPLE 4–5 A Rough Shot
Chipping from the rough, a golfer sends the ball over a 3.00 m-high tree that is 14.0 m away. The ball lands at the same level
from which it was struck after traveling a horizontal distance of 17.8 m—on the green, of course. (a) If the ball left the club 54.0°
above the horizontal and landed on the green 2.24 s later, what was its initial speed? (b) How high was the ball when it passed
over the tree?

Picture the Problem
Our sketch shows the ball taking flight from the origin,

with a launch angle of 54.0°, and arcing over the
tree. The individual points along the parabolic trajectory
correspond to equal time intervals.

Strategy

a. Since the projectile moves with constant speed in the x
direction, the x component of velocity is simply horizon-
tal distance divided by time. Knowing and we can
find from 

b. We can use to find the time when the ball
is at Substituting this time into

gives the height.

Solution
Part (a)

1. Divide the horizontal distance, d, by the time of 
flight, t, to obtain vx:

vx = d
t

= 17.8 m
2.24 s

= 7.95 m/s

y = 1v0 sin u2t - 1
2 gt2

x = 14.0 m.
x = 1v0 cos u2tvx = v0 cos u.v0

u,vx

x0 = y0 = 0,

▲ “Hanging” in air near the peak of a jump requires no special knack—in fact, it’s an unavoidable consequence of the laws of physics.
This phenomenon, which makes big leapers (such as deer and dancers) look particularly graceful, can also make life more dangerous for
salmon fighting their way upstream to spawn.
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EXERCISE 4–2
Referring to Exercise 4–1, find the velocity of the projectile at times (a)
(b) and (c)

Solution

a. b.
c.

Figure 4–7 shows the projectile referred to in the previous Exercises for a se-
ries of times spaced by 0.10 s. Note that the points in Figure 4–7 are not evenly
spaced in terms of position, even though they are evenly spaced in time. In fact,
the points bunch closer together at the top of the trajectory, showing that a com-
paratively large fraction of the flight time is spent near the highest point. This is
why it seems that a basketball player soaring toward a slam dunk, or a ballerina
performing a grand jeté, is “hanging” in air.

v
! = 116.4 m/s2xN + 1-3.24 m/s2yN .

v
! = 116.4 m/s2xN + 11.66 m/s2yN ,v

! = 116.4 m/s2xN + 16.57 m/s2yN ,

t = 1.50 s.t = 1.00 s,
t = 0.500 s,
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▲ FIGURE 4–7 Snapshots of a trajectory
This plot shows a projectile launched from
the origin with an initial speed of 20.0 m/s
at an angle of 35.0° above the horizontal.
The positions shown in the plot correspond
to the times Red
dots mark the positions considered in
Exercises 4–1 and 4–2.

t = 0.1 s, 0.2 s, 0.3 s, Á .
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Go back to the kinematics expressions!

∆y = v0y t −
1

2
gt2

We can find the height if we know the time the ball was over the
tree.



Not Using the Max Height Equation
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∆x = v0x t

Rearranging, ball was over the
tree when

t =
∆x

v0 cos θ

=
(14 m)

(13.5 m/s) cos(54.0◦)

= 1.764 s

∆y = v0 sin θt −
1

2
gt2

= (13.5m/s) sin(54.0◦)(1.764 s)

−
1

2
(9.81 m/s2)(1.764 s)2

= 4.00 m
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∆x = v0x t

Rearranging, ball was over the
tree when

t =
∆x

v0 cos θ

=
(14 m)

(13.5 m/s) cos(54.0◦)

= 1.764 s

∆y = v0 sin θt −
1

2
gt2

= (13.5m/s) sin(54.0◦)(1.764 s)

−
1

2
(9.81 m/s2)(1.764 s)2

= 4.00 m



Time of Flight of a Projectile

time of flight

The time from launch to when projectile hits the ground.

How can we find the time of flight of a projectile?

 4.3 Projectile Motion 85

Figure 4.7 The parabolic path 
of a projectile that leaves the ori-
gin with a velocity vSi . The velocity 
vector vS changes with time in 
both magnitude and direction. 
This change is the result of accel-
eration aS 5 gS in the negative  
y direction.
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Figure 4.8  The position vector 
rSf  of a projectile launched from 
the origin whose initial velocity 
at the origin is vSi . The vector vSit 
would be the displacement of the 
projectile if gravity were absent, 
and the vector 12 gSt 2 is its vertical 
displacement from a straight-line 
path due to its downward gravita-
tional acceleration.
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Figure 4.9 A projectile launched 
over a flat surface from the origin 
at ti 5 0 with an initial velocity 
vSi . The maximum height of the 
projectile is h, and the horizontal 
range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):

vyf 5 vyi 2 gt

vy,avg 5
vyi 1 vyf

2

   yf 5 yi 1 1
2 1vyi 1 vyf 2 t 

 yf 5 yi 1 vyit 2 1
2gt 2

vyf
2 5 vyi

2
 2 2g 1 yf 2 yi 2

The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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The y component of 
velocity is zero at the 
peak of the path.

The x component of 
velocity remains 
constant because 
there is no 
acceleration in the x 
direction.

vS

The projectile is launched 
with initial velocity vi.

S

vS
vS

vS

vS

gS 

!

"

# $

%

"
#

$

%

Assuming that it lands at the same height it is launched
from.



Time of Flight of a Projectile

Notice that just when striking the ground, ∆y = 0.

∆y = v0y t +
1

2
ay t

2

0 = v0 sin θt −
1

2
gt2

Now cancel a factor of t. Warning! This will remove one solution
to this equation in t. What is it?

1

2
gt = v0 sin θ

tflight =
2v0 sin θ

g
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Time of Flight Example, #32

A soccer ball is kicked with a speed of 9.50 m/s at an angle of
25.0◦ above the horizontal. If the ball lands at the same level from
which it was kicked, how long was it in the air?

Draw a sketch.

Hypothesis: about 2 seconds.

Given: v0 = 9.50 m/s, θ = 25.0◦

Asked for: time of flight, t

1Walker, “Physics”, page 106.
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Time of Flight Example, #32

Given: v0 = 9.50 m/s, θ = 25.0◦

Asked for: time of flight, t

Strategy: use

tflight =
2v0 sin θ

g

(“ball lands at the same level from which it was kicked”)

tflight =
2(9.50 m/s) sin(25.0◦)

9.8 m/s2

= 0.819 s

Reasonable?: Less than half of my guess, but the angle it is kicked
at is quite shallow, so the answer makes sense.
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Time of Flight of a Projectile
Quick Quiz 4.31 Rank the launch angles for the five paths in the
figure with respect to time of flight from the shortest time of flight
to the longest. (Assume the magnitude vi remains the same.)

86 Chapter 4 Motion in Two Dimensions

 We can determine h by noting that at the peak vy! 5 0. Therefore, from the 
particle under constant acceleration model, we can use the y direction version of 
Equation 2.13 to determine the time t! at which the projectile reaches the peak:

 vyf 5 vyi 2 gt    S   0 5 vi sin ui 2 gt !

t ! 5
vi sin ui

g

 Substituting this expression for t! into the y direction version of Equation 2.16 
and replacing yf 5 y! with h, we obtain an expression for h in terms of the magni-
tude and direction of the initial velocity vector:

yf 5 yi 1 vyit 2 12gt 2   S    h 5 1vi sin ui 2  vi sin ui

g 2 1
2g avi sin ui

g b2

  h 5
vi

2 sin2 ui

2g
 (4.12)

 The range R is the horizontal position of the projectile at a time that is twice the 
time at which it reaches its peak, that is, at time t" 5 2t!. Using the particle under 
constant velocity model, noting that vxi 5 vx" 5 vi cos ui, and setting x" 5 R at t 5 
2t!, we find that

xf 5 xi 1 vxit   S    R 5 vxit " 5 1vi cos ui 22t !

 5 1vi cos ui 2  2vi sin ui

g 5
2vi

2 sin ui cos ui

g

Using the identity sin 2u 5 2 sin u cos u (see Appendix B.4), we can write R in the 
more compact form

 R 5
vi

2 sin 2ui

g  (4.13)

 The maximum value of R from Equation 4.13 is Rmax 5 vi
2/g . This result makes 

sense because the maximum value of sin 2ui is 1, which occurs when 2ui 5 90°. 
Therefore, R is a maximum when ui 5 45°.
 Figure 4.10 illustrates various trajectories for a projectile having a given initial 
speed but launched at different angles. As you can see, the range is a maximum 
for ui 5 45°. In addition, for any ui other than 45°, a point having Cartesian coordi-
nates (R, 0) can be reached by using either one of two complementary values of ui, 
such as 75° and 15°. Of course, the maximum height and time of flight for one of 
these values of ui are different from the maximum height and time of flight for the 
complementary value.

Q uick Quiz 4.3 Rank the launch angles for the five paths in Figure 4.10 with 
respect to time of flight from the shortest time of flight to the longest.

50

100

150
y (m)

x (m)

75!

60!

45!

30!

15!

vi " 50 m/s

50 100 150 200 250

Complementary 
values of the initial 
angle ui result in the 
same value of R.

Figure 4.10 A projectile 
launched over a flat surface from 
the origin with an initial speed 
of 50 m/s at various angles of 
projection.

Pitfall Prevention 4.3
The Range Equation Equation 
4.13 is useful for calculating R only 
for a symmetric path as shown in 
Figure 4.10. If the path is not sym-
metric, do not use this equation. The 
particle under constant velocity 
and particle under constant accel-
eration models are the important 
starting points because they give 
the position and velocity compo-
nents of any projectile moving  
with constant acceleration in two 
dimensions at any time t.

A 15◦, 30◦, 45◦, 60◦, 75◦

B 45◦, 30◦, 60◦, 15◦, 75◦

C 15◦, 75◦, 30◦, 60◦, 45◦

D 75◦, 60◦, 45◦, 30◦, 15◦

1Page 86, Serway & Jewett
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A 15◦, 30◦, 45◦, 60◦, 75◦←
B 45◦, 30◦, 60◦, 15◦, 75◦

C 15◦, 75◦, 30◦, 60◦, 45◦

D 75◦, 60◦, 45◦, 30◦, 15◦

1Page 86, Serway & Jewett



Height and initial speed conceptual question
Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown.
List the projectiles in order of increasing time of flight.

100 CHAPTER 4 TWO-DIMENSIONAL KINEMATICS

positive y axis points vertically upward. What was the projec-
tile’s launch angle with respect to the x axis if, at its highest
point, its direction of motion has rotated (a) clockwise through
50° or (b) counterclockwise through 30°? Explain.

Conceptual Exercises
(Answers to odd-numbered Conceptual Exercises can be found in the back of the book.)

1. As you walk briskly down the street, you toss a small ball into
the air. If you want the ball to land in your hand when it comes
back down, should you toss the ball (a) straight upward rela-
tive to yourself, (b) in a forward direction, or (c) in a backward
direction? Explain.

2. A certain projectile is launched with an initial speed At its
highest point its speed is Was the launch angle of
the projectile (a) 30°, (b) 45°, or (c) 60°?

3. Two divers run horizontally off the edge of a low cliff. Diver 2
runs with twice the speed of diver 1. When the divers hit
the water, is the horizontal distance covered by diver 2 (a) the
same as, (b) twice as much as, or (c) four times the horizontal
distance covered by diver 1?

4. Two youngsters dive off an overhang into a lake. Diver 1 drops
straight down, diver 2 runs off the cliff with an initial horizon-
tal speed Is the splashdown speed of diver 2 (a) greater than,
(b) less than, or (c) equal to the splashdown speed of diver 1?

5. Three projectiles (A, B, and C) are launched with the same initial
speed but with different launch angles, as shown in Figure 4–12.
List the projectiles in order of increasing (a) horizontal compo-
nent of initial velocity and (b) time of flight. Indicate a tie with an
equal sign.
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v0.

6. Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown
in Figure 4–13. List the projectiles in order of increasing (a) ini-
tial speed and (b) time of flight. Indicate a tie with an equal sign.

7. The penguin to the left in the accompanying photo is about to
land an ice floe. Just before it lands, is its speed (a) greater than,
(b) less than, or (c) the same as when it left the water? Explain.

11. Child 1 throws a snowball horizontally from the top of a roof;
child 2 throws a snowball straight down. Once in flight, is the
acceleration of snowball 2 (a) greater than, (b) equal to, or (c)
less than the acceleration of snowball 1?
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▲ FIGURE 4–12 Conceptual Exercise 5
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▲ FIGURE 4–13 Conceptual Exercise 6

This penguin behaves much like a projectile from the time
it leaves the water until it touches down on the ice. 
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the truck. Will the tomato hit your car or land on the road,
assuming you continue moving with the same speed and direc-
tion? Explain.

11. A projectile is launched from the origin of a coordinate system
where the positive x axis points horizontally to the right and the

8. A person flips a coin into the air and it lands on the ground a
few feet away. If the person were to perform an identical coin
flip on an elevator rising with constant speed, would the coin’s
time of flight be (a) greater than, (b) less than, or (c) the same as
when the person was at rest?

9. Suppose the elevator in the previous Exercise is rising with con-
stant acceleration, rather than constant velocity. In this case,
would the coin’s time of flight be (a) greater than, (b) less than,
or (c) the same as when the person was at rest?

10. You throw a ball into the air with an initial speed of 10 m/s at
an angle of 60° above the horizontal. The ball returns to the
level from which it was thrown in the time T. Referring to
Figure 4-14, which of the plots (1, 2, or 3) best represents the
speed of the ball as a function of time? What is wrong with the
other two plots?
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(A) A, B, C

(B) C, B, A

(C) B, C, A

(D) all the same
1Walker, “Physics”, page 106, prob 28.



Height and initial speed conceptual question
Three projectiles (A, B, and C) are launched with different initial
speeds so that they reach the same maximum height, as shown.
List the projectiles in order of increasing time of flight.
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positive y axis points vertically upward. What was the projec-
tile’s launch angle with respect to the x axis if, at its highest
point, its direction of motion has rotated (a) clockwise through
50° or (b) counterclockwise through 30°? Explain.

Conceptual Exercises
(Answers to odd-numbered Conceptual Exercises can be found in the back of the book.)
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tive to yourself, (b) in a forward direction, or (c) in a backward
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the water, is the horizontal distance covered by diver 2 (a) the
same as, (b) twice as much as, or (c) four times the horizontal
distance covered by diver 1?
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tal speed Is the splashdown speed of diver 2 (a) greater than,
(b) less than, or (c) equal to the splashdown speed of diver 1?

5. Three projectiles (A, B, and C) are launched with the same initial
speed but with different launch angles, as shown in Figure 4–12.
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nent of initial velocity and (b) time of flight. Indicate a tie with an
equal sign.
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the truck. Will the tomato hit your car or land on the road,
assuming you continue moving with the same speed and direc-
tion? Explain.

11. A projectile is launched from the origin of a coordinate system
where the positive x axis points horizontally to the right and the

8. A person flips a coin into the air and it lands on the ground a
few feet away. If the person were to perform an identical coin
flip on an elevator rising with constant speed, would the coin’s
time of flight be (a) greater than, (b) less than, or (c) the same as
when the person was at rest?

9. Suppose the elevator in the previous Exercise is rising with con-
stant acceleration, rather than constant velocity. In this case,
would the coin’s time of flight be (a) greater than, (b) less than,
or (c) the same as when the person was at rest?

10. You throw a ball into the air with an initial speed of 10 m/s at
an angle of 60° above the horizontal. The ball returns to the
level from which it was thrown in the time T. Referring to
Figure 4-14, which of the plots (1, 2, or 3) best represents the
speed of the ball as a function of time? What is wrong with the
other two plots?
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(A) A, B, C

(B) C, B, A

(C) B, C, A

(D) all the same←
1Walker, “Physics”, page 106, prob 28.



Range of a Projectile
range

The distance in the horizontal direction that a projectile covers
before hitting the ground.

How can we find the range of a projectile?

 4.3 Projectile Motion 85

Figure 4.7 The parabolic path 
of a projectile that leaves the ori-
gin with a velocity vSi . The velocity 
vector vS changes with time in 
both magnitude and direction. 
This change is the result of accel-
eration aS 5 gS in the negative  
y direction.
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Figure 4.8  The position vector 
rSf  of a projectile launched from 
the origin whose initial velocity 
at the origin is vSi . The vector vSit 
would be the displacement of the 
projectile if gravity were absent, 
and the vector 12 gSt 2 is its vertical 
displacement from a straight-line 
path due to its downward gravita-
tional acceleration.
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Figure 4.9 A projectile launched 
over a flat surface from the origin 
at ti 5 0 with an initial velocity 
vSi . The maximum height of the 
projectile is h, and the horizontal 
range is R. At !, the peak of the 
trajectory, the particle has coordi-
nates (R/2, h).

 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):

vyf 5 vyi 2 gt

vy,avg 5
vyi 1 vyf

2

   yf 5 yi 1 1
2 1vyi 1 vyf 2 t 

 yf 5 yi 1 vyit 2 1
2gt 2

vyf
2 5 vyi

2
 2 2g 1 yf 2 yi 2

The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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The y component of 
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Assuming that it lands at the same height it is launched
from.
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trajectory, the particle has coordi-
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 In Section 4.2, we stated that two-dimensional motion with constant accelera-
tion can be analyzed as a combination of two independent motions in the x and y 
directions, with accelerations ax and ay. Projectile motion can also be handled in 
this way, with acceleration ax 5 0 in the x direction and a constant acceleration ay 5 
2g in the y direction. Therefore, when solving projectile motion problems, use two 
analysis models: (1) the particle under constant velocity in the horizontal direction 
(Eq. 2.7):

xf 5 xi 1 vxit

and (2) the particle under constant acceleration in the vertical direction (Eqs. 
2.13–2.17 with x changed to y and ay = –g):
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
the velocity and acceleration vectors for the projectile parallel to each other?

Horizontal Range and Maximum Height of a Projectile
Before embarking on some examples, let us consider a special case of projectile 
motion that occurs often. Assume a projectile is launched from the origin at ti 5 
0 with a positive vyi component as shown in Figure 4.9 and returns to the same hori-
zontal level. This situation is common in sports, where baseballs, footballs, and golf 
balls often land at the same level from which they were launched.
 Two points in this motion are especially interesting to analyze: the peak point !, 
which has Cartesian coordinates (R/2, h), and the point ", which has coordinates  
(R , 0). The distance R is called the horizontal range of the projectile, and the distance 
h is its maximum height. Let us find h and R mathematically in terms of vi, ui, and g.
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The horizontal and vertical components of a projectile’s motion are completely 
independent of each other and can be handled separately, with time t as the com-
mon variable for both components.

Q uick Quiz 4.2  (i) As a projectile thrown upward moves in its parabolic path 
(such as in Fig. 4.8), at what point along its path are the velocity and accelera-
tion vectors for the projectile perpendicular to each other? (a) nowhere (b) the 
highest point (c) the launch point (ii) From the same choices, at what point are 
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Range of a Projectile

A long jumper leaves the ground at an angle of 20.0◦ above the
horizontal and at a speed of 11.0 m/s. How far does he jump in
the horizontal direction?

Draw a Sketch.
Hypothesis: he’ll be in the air for less than a second. Less than
11 m, more than 2 m.

R =
v2

0 sin(2θ)

g

=
(11.0 m/s)2 sin(2× 20.0◦)

9.81 m/s2

= 7.93 m

Reasonable?: Yes, the answer is in the range I predicted.
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Maximizing Range

R =
v2

0 sin(2θ)

g

What angle maximizes the range of the projectile?

As our final example of symmetry, consider the range R. A plot of R versus
launch angle is shown in Figure 4–11 for Note that in the absence
of air resistance, R is greatest at as pointed out previously. In addition,
we can see from the figure that the range for angles equally above or below 45° is
the same. For example, if air resistance is negligible, the range for is the
same as the range for 

Symmetries such as these are just some of the many reasons why physicists find
physics to be “beautiful” and “aesthetically pleasing.” Discovering such patterns
and symmetries in nature is really what physics is all about. A physicist does not
consider the beauty of projectile motion to be diminished by analyzing it in detail.
Just the opposite—detailed analysis reveals deeper, more subtle, and sometimes
unexpected levels of beauty.

Maximum Height
Let’s follow up on an observation made earlier in this section, namely, that a pro-
jectile is at maximum height when its y component of velocity is zero. In fact, we
will use this observation to determine the maximum height of an arbitrary pro-
jectile. This can be accomplished with the following two-step calculation: (i) Find
the time when (ii) Substitute this time into the y-versus-t equation of mo-
tion, This calculation is carried out in the next Example.y = 1v0 sin u2t - 1

2 gt2.
vy = 0;

u = 60°.
u = 30°

u = 45°,
v0 = 20 m/s.u
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▲ FIGURE 4–11 Range and launch angle in the absence of air resistance
(a) A plot of range versus launch angle for a projectile launched with an initial speed of 20 m/s. Note that the maximum range
occurs at Launch angles equally greater than or less than 45°, such as 30° and 60°, give the same range. (b) Trajectories of
projectiles with initial speeds of 20 m/s and launch angles of 60°, 45°, and 30°. The projectiles with launch angles of 30° and 60° land
at the same location.

u = 45°.

▲ An archerfish would have trouble
procuring its lunch without an instinc-
tive grasp of projectile motion.

EXAMPLE 4–7 What a Shot!
The archerfish hunts by dislodging an unsuspecting insect from its resting place with a stream of water expelled from the fish’s
mouth. Suppose the archerfish squirts water with an initial speed of 2.30 m/s at an angle of 19.5° above the horizontal. When the
stream of water reaches a beetle on a leaf at height h above the water’s surface, it is moving horizontally.
a. How much time does the beetle have to react?
b. What is the height h of the beetle?
c. What is the horizontal distance d between the fish and the beetle when the water is launched?

Picture the Problem
Our sketch shows the fish squirting water from the origin, and the beetle at The stream of water starts
off with a speed at an angle above the horizontal. Note that the water is moving horizontally when it
reaches the beetle.

u = 19.5°v0 = 2.30 m>s x = d, y = h.x0 = y0 = 0,

WALKMC04_0131536311.QXD  11/16/05  17:57  Page 96

R is maximized when sin(2θ) = 1 ⇒ θ = 45◦
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Let’s follow up on an observation made earlier in this section, namely, that a pro-
jectile is at maximum height when its y component of velocity is zero. In fact, we
will use this observation to determine the maximum height of an arbitrary pro-
jectile. This can be accomplished with the following two-step calculation: (i) Find
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▲ An archerfish would have trouble
procuring its lunch without an instinc-
tive grasp of projectile motion.

EXAMPLE 4–7 What a Shot!
The archerfish hunts by dislodging an unsuspecting insect from its resting place with a stream of water expelled from the fish’s
mouth. Suppose the archerfish squirts water with an initial speed of 2.30 m/s at an angle of 19.5° above the horizontal. When the
stream of water reaches a beetle on a leaf at height h above the water’s surface, it is moving horizontally.
a. How much time does the beetle have to react?
b. What is the height h of the beetle?
c. What is the horizontal distance d between the fish and the beetle when the water is launched?

Picture the Problem
Our sketch shows the fish squirting water from the origin, and the beetle at The stream of water starts
off with a speed at an angle above the horizontal. Note that the water is moving horizontally when it
reaches the beetle.

u = 19.5°v0 = 2.30 m>s x = d, y = h.x0 = y0 = 0,
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R is maximized when sin(2θ) = 1 ⇒ θ = 45◦



Range of a Projectile
Notice that at angles other than 45◦, there are pairs of angles
called complimentary angles that give the same range.

R =
v2

0 sin(2θ)

g
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 We can determine h by noting that at the peak vy! 5 0. Therefore, from the 
particle under constant acceleration model, we can use the y direction version of 
Equation 2.13 to determine the time t! at which the projectile reaches the peak:

 vyf 5 vyi 2 gt    S   0 5 vi sin ui 2 gt !

t ! 5
vi sin ui

g

 Substituting this expression for t! into the y direction version of Equation 2.16 
and replacing yf 5 y! with h, we obtain an expression for h in terms of the magni-
tude and direction of the initial velocity vector:

yf 5 yi 1 vyit 2 12gt 2   S    h 5 1vi sin ui 2  vi sin ui

g 2 1
2g avi sin ui

g b2

  h 5
vi

2 sin2 ui

2g
 (4.12)

 The range R is the horizontal position of the projectile at a time that is twice the 
time at which it reaches its peak, that is, at time t" 5 2t!. Using the particle under 
constant velocity model, noting that vxi 5 vx" 5 vi cos ui, and setting x" 5 R at t 5 
2t!, we find that

xf 5 xi 1 vxit   S    R 5 vxit " 5 1vi cos ui 22t !

 5 1vi cos ui 2  2vi sin ui

g 5
2vi

2 sin ui cos ui

g

Using the identity sin 2u 5 2 sin u cos u (see Appendix B.4), we can write R in the 
more compact form

 R 5
vi

2 sin 2ui

g  (4.13)

 The maximum value of R from Equation 4.13 is Rmax 5 vi
2/g . This result makes 

sense because the maximum value of sin 2ui is 1, which occurs when 2ui 5 90°. 
Therefore, R is a maximum when ui 5 45°.
 Figure 4.10 illustrates various trajectories for a projectile having a given initial 
speed but launched at different angles. As you can see, the range is a maximum 
for ui 5 45°. In addition, for any ui other than 45°, a point having Cartesian coordi-
nates (R, 0) can be reached by using either one of two complementary values of ui, 
such as 75° and 15°. Of course, the maximum height and time of flight for one of 
these values of ui are different from the maximum height and time of flight for the 
complementary value.

Q uick Quiz 4.3 Rank the launch angles for the five paths in Figure 4.10 with 
respect to time of flight from the shortest time of flight to the longest.

50

100

150
y (m)

x (m)

75!

60!

45!

30!

15!

vi " 50 m/s

50 100 150 200 250

Complementary 
values of the initial 
angle ui result in the 
same value of R.

Figure 4.10 A projectile 
launched over a flat surface from 
the origin with an initial speed 
of 50 m/s at various angles of 
projection.

Pitfall Prevention 4.3
The Range Equation Equation 
4.13 is useful for calculating R only 
for a symmetric path as shown in 
Figure 4.10. If the path is not sym-
metric, do not use this equation. The 
particle under constant velocity 
and particle under constant accel-
eration models are the important 
starting points because they give 
the position and velocity compo-
nents of any projectile moving  
with constant acceleration in two 
dimensions at any time t.

1Page 86, Serway & Jewett



Validity of Range Equation

Expression for the range of a projectile:

R =
v2

0 sin(2θ)

g

When is it valid?

• when the projectile lands at the same height it is launched
from!

• when there is no air resistance (we will not deal with air
resistance in this course)

If it’s not valid, you also can’t assume θ = 45◦ maximizes the
horizontal distance covered.
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• when the projectile lands at the same height it is launched
from!

• when there is no air resistance (we will not deal with air
resistance in this course)

If it’s not valid, you also can’t assume θ = 45◦ maximizes the
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Summary

• time of flight

• range of a projectile

Test 2 Monday, Feb 24 (TBC).

Homework
Walker Physics:

• Ch 4, onward from page 100. Problems: 27, 29, 39

• Ch 4, Probs: 37, 47, 49, 55, 83 (these use the range equation)


