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Last time

• maximum height of a projectile

• time of flight of a projectile

• range of a projectile

• trajectory equation



Overview

• trajectory equation

• another projectile motion example



Projectile Trajectory

Suppose we want to know the height of a projectile (relative to its
launch point) in terms of its x coordinate. Suppose it is launched
at an angle θ above the horizontal, with initial velocity v0.

For the x-direction:

x = v0 cos θt ⇒ t =
x

v0 cos θ

y -direction:

y = v0 sin θt −
1

2
gt2

Substituting for t gives:

y = (tan θ)x −
g

2v20 cos2 θ
x2
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Projectile Trajectory

y = (tan θ)x −

(
g

2v20 cos2 θ

)
x2

This is why projectiles trace out a parabola with respect to
horizontal position, as well as with respect to time.



What Happens with Air Resistance?
The projectile’s path without air resistance is a symmetrical
parabola.

With air resistance, this is no longer the case.
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▲ FIGURE 4–9 Projectiles with air
resistance
Projectiles with the same initial speed but
different launch angles showing the
effects of air resistance. Notice that the
maximum range occurs for a launch
angle less than 45°, and that the projec-
tiles return to the ground at a steeper
angle than the launch angle.

▲ To be successful, a juggler must master
the behavior of projectile motion. Physi-
cist Richard Feynman shows that just
knowing the appropriate equations is not
enough; one must also practice. In this
sense, learning to juggle is similar to
learning to solve physics problems.

Note that R depends inversely on the acceleration of gravity, g—thus the
smaller g, the larger the range. For example, a projectile launched on the Moon,
where the acceleration of gravity is only about 1/6 that on Earth, travels about
six times as far as it would on Earth. It was for this reason that astronaut Alan
Shepard simply couldn’t resist the temptation of bringing a golf club and ball
with him on the third lunar landing mission in 1971. He ambled out onto the
Fra Mauro Highlands and became the first person to hit a tee shot on the Moon.
His distance was undoubtedly respectable—unfortunately, his ball landed in a
sand trap.

Now, what launch angle gives the greatest range? From Equation 4–12 we see
that R varies with angle as thus R is largest when is largest—that is,
when Since it follows that gives the maximum
range. Thus

4–13

As expected, the range (Equation 4–12) and maximum range (Equation 4–13)
depend strongly on the initial speed of the projectile—they are both propor-
tional to 

Note that these results are specifically for the case where a projectile lands
at the same level from which it was launched. If a projectile lands at a higher
level, for example, the launch angle that gives maximum range is greater
than 45°, and if it lands at a lower level, the angle for maximum range is less
than 45°.

Finally, the range given here applies only to the ideal case of no air resistance.
In cases where air resistance is significant, as in the flight of a rapidly moving golf
ball, for example, the overall range of the ball is reduced. In addition, the maxi-
mum range occurs for a launch angle less than 45° (Figure 4–9). The reason is that
with a smaller launch angle the golf ball is in the air for less time, giving air resis-
tance less time to affect its flight.

Symmetry in Projectile Motion
There are many striking symmetries in projectile motion, beginning with the
graceful symmetry of the parabola itself. As a first example, recall that earlier in
this section, in Equation 4–11, we found the time when a projectile lands:

Now, by symmetry, the time it takes a projectile to reach its highest point (in the ab-
sence of air resistance) should be just half this time. After all, the projectile moves
in the x direction with constant speed, and the highest point—by symmetry—
occurs at

This all seems reasonable, but is there another way to check? Well, at the high-
est point the projectile is moving horizontally, thus its y component of velocity is
zero. Let’s find the time when and compare with the time to land:

4–14

As expected from symmetry, the time at the highest point is one-half the time
at landing.

There is another interesting symmetry concerning speed. Recall that when
a projectile is launched its y component of velocity is When thevy = v0 sin u.

t = av0

g
b  sin u

vy = v0y - gt = v0 sin u - gt = 0

vy = 0

x = 1
2 R.

t = a2v0

g
b  sin u

v0 

2.

Rmax =
v0 

2

g

u = 45°sin 90° = 1,sin 2u = 1.
sin 2usin 2u;

REAL-WORLD PHYSICS
Golf on the Moon

WALKMC04_0131536311.QXD  11/16/05  17:57  Page 94

1Figure from Walker, “Physics”, page 97.



Projectile Motion Example

 Problems 103

of mass, which we will define in Chapter 9. His center 
of mass is at elevation 1.02 m when he leaves the floor. 
It reaches a maximum height of 1.85 m above the floor 
and is at elevation 0.900 m when he touches down again. 
Determine (a)  his time of flight (his “hang time”),  
(b) his horizontal and (c) vertical velocity components at 
the instant of takeoff, and (d) his takeoff angle. (e) For  
comparison, determine the hang time of a whitetail 
deer making a jump (Fig. P4.24b) with center-of-mass 
elevations yi 5 1.20 m, ymax 5 2.50 m, and yf 5 0.700 m.

b

Figure P4.24
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 25. A playground is on the flat roof of a city school, 6.00 m  
above the street below (Fig. P4.25). The vertical wall 
of the building is h 5 7.00 m high, forming a 1-m-high 
railing around the playground. A ball has fallen to  
the street below, and a passerby returns it by launch-
ing it at an angle of u 5 53.0° above the horizontal at a  
point d 5 24.0 m from the base of the building wall. The 
ball takes 2.20 s to reach a point vertically above the 
wall. (a) Find the speed at which the ball was launched.  
(b) Find the vertical distance by which the ball clears 
the wall. (c) Find the horizontal distance from the wall 
to the point on the roof where the ball lands.

h

u

d

Figure P4.25

 26. The motion of a human body through space can be 
modeled as the motion of a particle at the body’s cen-
ter of mass as we will study in Chapter 9. The compo-
nents of the displacement of an athlete’s center of mass 
from the beginning to the end of a certain jump are 
described by the equations

  xf 5 0 1 (11.2 m/s)(cos 18.5°)t

0.360 m 5 0.840 m 1 111.2 m/s 2 1sin 18.582t 2 1
2 19.80 m/s2 2t 2

  where t is in seconds and is the time at which the ath-
lete ends the jump. Identify (a) the athlete’s position 
and (b) his vector velocity at the takeoff point. (c) How 
far did he jump?

 27. A soccer player kicks a rock horizontally off a 
40.0-m-high cliff into a pool of water. If the player W

the same speed but at the optimal angle for maximum 
range? (c) What If? Would your answer to part (a) be 
different if the rock is thrown with the same speed on a 
different planet? Explain.

 19. The speed of a projectile when it reaches its maximum 
height is one-half its speed when it is at half its maxi-
mum height. What is the initial projection angle of the 
projectile?

 20. A ball is tossed from an upper-story window of a build-
ing. The ball is given an initial velocity of 8.00 m/s at 
an angle of 20.0° below the horizontal. It strikes the 
ground 3.00 s later. (a) How far horizontally from the 
base of the building does the ball strike the ground? 
(b) Find the height from which the ball was thrown.  
(c) How long does it take the ball to reach a point 10.0 m  
below the level of launching?

 21. A firefighter, a distance d from a burning building, 
directs a stream of water from a fire hose at angle ui 
above the horizontal as shown in Figure P4.21. If the 
initial speed of the stream is vi, at what height h does 
the water strike the building?

d

h

i

ui

vS

Figure P4.21

 22. A landscape architect is 
planning an artificial water-
fall in a city park. Water 
flowing at 1.70 m/s will 
leave the end of a horizon-
tal channel at the top of 
a vertical wall h 5 2.35  m 
high, and from there it will 
fall into a pool (Fig. P4.22). 
(a) Will the space behind 
the waterfall be wide 
enough for a pedestrian walkway? (b) To sell her plan to 
the city council, the architect wants to build a model to 
standard scale, which is one-twelfth actual size. How fast 
should the water flow in the channel in the model?

 23. A placekicker must kick a football from a point 36.0 m 
(about 40 yards) from the goal. Half the crowd hopes 
the ball will clear the crossbar, which is 3.05 m high. 
When kicked, the ball leaves the ground with a speed 
of 20.0 m/s at an angle of 53.0° to the horizontal. (a) By 
how much does the ball clear or fall short of clearing 
the crossbar? (b) Does the ball approach the crossbar 
while still rising or while falling?

 24. A basketball star covers 2.80 m horizontally in a jump to 
dunk the ball (Fig. P4.24a). His motion through space 
can be modeled precisely as that of a particle at his center 
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Figure P4.22
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1Serway & Jewett, “Physics for Scientists & Engineers”, 9th ed, #25, p103.



Projectile Motion Example

Part (a)
Hypothesis: about 12 m/s (faster than a normal person can run)

Given: ∆x = 24.0 m, t = 2.20 s, θ = 53.0◦

Asked for: v0

Strategy: we know ∆x = v0x t and v0x = v0 cos θ.

Rearranging:

∆x = v0 cos θt

v0 =
∆x

cos θt

=
(24.0 m)

cos(53◦)(2.20 s)

= 18.1 m/s
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Projectile Motion Example
Part (b)
Hypothesis: about 2 m

Given: ∆x = 24.0 m, t = 2.20 s, θ = 53.0◦, v0 = 18.1 m/s,
h = 7.00 m
Asked for: height above the wall, ∆y − h

Strategy: there are a couple of ways to solve it. One way:

∆y = v0y t −
1

2
gt2

∆y − h = v0 sin θt −
1

2
gt2 − h

= (18.1 m/s) sin(53◦)(2.20 s) −
1

2
(9.81)(2.20)2 − 7m

= 1.13 m
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Projectile Motion Example

Part (c)
Hypothesis: again, about 2 m

Given: θ = 53.0◦, v0 = m/s, ∆y = 6.00 m
Asked for: distance behind the wall, ∆x − d

Strategy: Could find t, then ∆x . Or, use trajectory equation:

y = (tan θ)x −
g

2v2i cos2 θ
x2
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Projectile Motion Example

Solve
g

2v2i cos2 θ
x2 − (tan θ)x + y = 0

for x .

x =

tan θ±
√

tan2 θ− 4
(

g
2v2

i cos2 θ

)
y

2
(

g
2v2

i cos2 θ

)
Putting in the numbers in the question:

x = 26.79 m or x = 5.44 m

Want the solution that is larger than 24 m, since ball makes it
onto roof.

Distance behind wall: 26.79 m - 24 m = 2.79 m.
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Summary

• trajectory equation for a projectile

• relative motion example

Test 2 Monday, Feb 24.

Homework
Walker Physics:

• Ch 4, onward from page 100. Con. Ques: 7, 9; Problems: 1,
40 & 41, 43, 71, 77, 87, 67 (projectile in disguise)

• Read ahead in Ch 5.


